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1.0 INTRODUCTION 

D i f f u s e r s  a r e  an i m p o r t a n t  c o m p o n e n t  in m a n y  a r e a s  of a p p l i c a t i o n ,  
such  as  p r o p u l s i o n  s y s t e m s ,  wind  t u n n e l s ,  t e s t  f a c i l i t i e s ,  e t c .  Yet  the  
p r e d i c t i o n  of d i f f u s e r  f lows r e m a i n s  one of the  m o s t  d i f f i cu l t  f lu id  dy -  
n a m i c s  p r o b l e m s ,  e s p e c i a l l y  when  the  in le t  c o n d i t i o n s  to the  d i f f u s e r  
a r e  h igh ly  n o n u n i f o r m .  S ince  the  o p t i m u m  o p e r a t i n g  cond i t ion  fo r  a 
d i f f u s e r ,  i . e . ,  m a x i m u m  p r e s s u r e  r e c o v e r y ,  has  b e e n  shown e x p e r i -  
m e n t a l l y  to o c c u r  wi th  s o m e  f low s e p a r a t i o n  (Ref .  1), a r e a l i s t i c  s o l u -  
t ion  f o r  the  f low f ie ld  can  be ob ta ined  on ly  by  s o l v i n g  the  ful l  N a v i e r -  
S tokes  e q u a t i o n s .  In add i t i on ,  the  d i f f u s e r  f lows of p r a c t i c a l  i n t e r e s t  
a r e  t u r b u l e n t  in n a t u r e .  The p e r f o r m a n c e  of a d i f f u s e r  d e p e n d s  no t  
on ly  on the  shape  of the  in le t  v e l o c i t y  p r o f i l e  but  a l s o  on the  t u r b u l e n c e  
l e v e l .  The  m o d e l i n g  of t u r b u l e n c e  wi th  the  l a r g e  p r e s s u r e  g r a d i e n t  
e x i s t i n g  in the  d i f f u s e r  f lows r e q u i r e s  a m o r e  s o p h i s t i c a t e d  a p p r o a c h  
than  the  u s e  of s i m p l e  eddy  v i s c o s i t y  m o d e l s  (Ref .  2). 

C u r r e n t l y ,  the  d i f f u s e r  d e s i g n  i n f o r m a t i o n  is ob t a ined  a l m o s t  s o l e l y  
f r o m  e m p i r i c a l  da t a  (Refs .  1 and  3). Many  of the a v a i l a b l e  d i f f u s e r  
p e r f o r m a n c e  m a p s  and  c o r r e l a t i o n s  p r o v i d e  on ly  s t a t i c  p r e s s u r e  r e -  
c o v e r y .  V e r y  few d e t a i l e d  t u r b u l e n c e  p r 6 p e r t i e s  of d i f f u s e r  f l ows ,  e s -  
t a b l i s h e d  e x p e r i m e n t a l l y ,  a r e  a v a i l a b l e  (Ref s .  2 and  4) for  n o n - s e p a r a t e d  
c a s e s .  Da ta  f o r  s e p a r a t e d  d i f f u s e r  f lows is e v e n  m o r e  s p a r s e  b e c a u s e  
c o n v e n t i o n a l  i n s t r u m e n t s ,  such  as the  ho t  w i r e  a n e m o m e t e r ,  c a n n o t  p r o -  
v ide  m e a n i n g f u l  m e a s u r e m e n t  in r e g i o n s  w h e r e  the  f low d i r e c t i o n  r e -  , 
v e r s e s  wi th  t i m e .  Th i s  s i t ua t i on  m a y  i m p r o v e  in the f u t u r e  a s  the  r e -  
c e n t l y  d e v e l o p e d  l a s e r  v e l o c i m e t e r  (LV) b e c o m e s  m o r e  a v a i l a b l e  and 
r e l i a b l e  (Refs .  5 and 6) so tha t  the  flow f ie ld  da t a  can  be ob t a ined  fo r  
u s e  in the  d e v e l o p m e n t  and v e r i f i c a t i o n  of a n a l y t i c a l  p r e d i c t i o n  m e t h o d s .  

In the  pas t ,  the  f low in a d i f f u s e r  has  been  a n a l y z e d  by a s s u m i n g  
tha t  d i f f u s e r  flow can  be a p p r o x i m a t e d  by a th in  b o u n d a r y  l a y e r  a d j a c e n t  
to the  wa l l  and an i n v i s c i d  c o r e  in the  c e n t e r  of the  d i f f u s e r .  The  
b o u n d a r y - l a y e r  equa t ion  and the  i n v i s c i d  c o r e  e q u a t i o n  a r e  then  s o l v e d  
wi th  o r  w i thou t  i n t e r a c t i o n  (Refs .  7, 8, and 9). No r i g o r o u s  m e t h o d  is  
a v a i l a b l e  to a n a l y z e  d i f f u s e r  f lows wi th  a h i g h l y  n o n u n i f o r m  in le t  p r o -  
f i le  wi th  o r  wi thou t  s e p a r a t i o n  (Ref s .  10 and 1 1). 

The p u r p o s e  of the i n v e s t i g a t i o n  r e p o r t e d  h e r e i n  is to deve lop  nu -  
m e r i c a l  p r e d i c t i o n  m e t h o d s  for  the c a l c u l a t i o n  of t u r b u l e n t ,  i n c o m p r e s -  
s i b l e ,  s e p a r a t e d ,  s u b s o n i c  d i f f u s e r  f lows  wi th  n o n u n i f o r m  in l e t  c o n d i t i o n s .  
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The t h e o r y  d e v e l o p m e n t ,  the  t u r b u l e n c e  m o d e l s ,  the  c o o r d i n a t e  t r a n s -  
f o r m a t i o n ,  and  the  n u m e r i c a l  f in i t e  d i f f e r e n c e  so lu t ion  p r o c e d u r e s  a r e  
p r e s e n t e d  a long  wi th  c o m p a r i s o n  of the  r e s u l t s  wi th  a v a i l a b l e  e x p e r i -  
m e n t a l  data .  

2.0 GOVERNING EQUATIONS 

2.1 NAVIER-STOKES EQUATIONS AND REYNOLDS STRESSES 

The bas i c  equa t ions  which  d e s c r i b e  the  m o t i o n  of l a m i n a r  o r  t u r -  
bu l en t  f low of an i n c o m p r e s s i b l e  f luid a r e  the  N a v i e r - S t o k e s  e q u a t i o n s .  
In t u r b u l e n t  f low, it b e c o m e s  n e c e s s a r y  to u s e  s o m e  a v e r a g i n g  p r o c e -  
d u r e  (or  s t a t i s t i c a l  me thod)  to p r o v i d e  u se fu l  i n f o r m a t i o n  about  the  
g r o s s  f e a t u r e s  of the f lows  which  a r e  r a n d o m  in n a t u r e .  A m o n g  the  

• m e t h o d s  a v a i l a b l e ,  the  t i m e - a v e r a g e d  m e t h o d  has  b e e n  w i d e l y  u s e d  fo r  
c o n s t a n t  d e n s i t y  n o n - r e a c t i n g  f lows .  The r e s u l t a n t  equa t i ons ,  as  shown 
by O s b o r n e  R e y n o l d s  (Ref.  12), can  be w r i t t e n  in 2-D C a r t e s i a n  o r  
c y l i n d r i c a l  c o o r d i n a t e s :  

Con t inu i ty  Equation 

• $ _ s .   (rv; = o (i) 

X - M o m e n t u m  Equa t ion  

Y - M o m e n t u m  Equa t ion  

~ - ~ -  + V~-- ar 

(2) 

(3) 
w h e r e  i f  6 = 0, r r e p r e s e n t s  y in  C a r t e s i a n  c o o r d i n a t e s ,  and i f  

6 = 1, r r e p r e s e n t s  the r a d i a l  c o o r d i n a t e .  

l0 
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In E q s .  (I)  t h r o u g h  (3), the  f low v a r i a b l e s  (u, v, p, and p) a r e  t i m e -  

ave__raged q u a n t i t i e s .  The t u r b u l e n c e  q u a n t i t i e s ,  s u c h  a s  u "2, v "2, 

w" 2, and u ' v "  a r e  u s u a l l y  c a l l e d  R e y n o l d s  s t r e s s e s .  

2.2 THE EDDY VISCOSITY CONCEPT 

The eddy  v i s c o s i t y  concep t ,  wh ich  r e l a t e s  the  R e y n o l d s  s t r e s s e s  to 
the  p r o d u c t  of the t i m e - a v e r a g e d  v e l o c i t y  g r a d i e n t  and  an  eddy  v i s c o s i t y ,  
can  be a t t r i b u t e d  to B o u s s i n e s q  (Ref.  12). Wi th  t h i s  concep t ,  R e y n o l d s  
s t r e s s e s  can  be def ined  as  

~X 

= _~C ' =  ,_ .~ 

k -= (~-T~ , ~;~ ÷ ~ ) / z  

(4) 

w h e r e  u t is  the  eddy  v i s c o s i t y  and k is  the  t u r b u l e n t  k i n e t i c  e n e r g y  (TKE).  

By  s u b s t i t u t i n g  Eq.  
m e n t u m  equa t ions  in the  fo l lowing  f o r m s :  

+('~')' ~-~'[ rl; (P*Pe)('~'x v + ,r , ,  

(4) in to  E q s .  (2) and (3), one ob ta ined  the  m o -  

(5) 

(6) 

Equations (5) and (6) are similar in form to the original Navier- 
Stokes equations if one replaces (p/p + 2/3 k) by (p/p) and (u + v t) by u. 
Thus, methods developed for solving the Navier-Stokes equations can 1~e 

II 
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used to solve Eqs. (5) and (6), which allows both laminar and turbulent 
flows to be solved within one numerical framework. 

2.3 VORTICITY-STREAM FUNCTION FORMULATION 

E q u a t i o n s  (5) and (6) a r e  coup led  n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a -  
t ions .  It can be s e e n  that  the  p r e s s u r e  t e r m  a p p e a r s  on ly  in the  g r a -  
d ien t  f o r m ,  i . e . ,  ~/ax(p/p) and a / a r ( p / p ) .  In m o s t  c a s e s ,  the  p r e s -  
s u r e  d i s t r i b u t i o n  is  unknown.  T h e r e f o r e ,  it  is  a d v a n t a g e o u s  to r e m o v e  
the e x p l i c i t  p r e s s u r e  g r a d i e n t  t e r m s  f r o m  Eqs .  (5) and (6). Th is  is  
done by a c r o s s - d i f f e r e n t i a t i o n  (o r  a cu r l  o p e r a t i o n ) .  The  r e s u l t a n t  
equa t ion  w r i t t e n  in t e r m s  of the  v o r t i c i t y  b e c o m e s  

+ ~ r - - ' r l  ( ~ , ~ ) ( = "  + - ( " ~x ~x t r  T 

+ ( ? / g , )  S D . [ v + . . F "  mr " rex, " - i ' ~ ' , - t x  + , r ,  (7) 

÷ Z. ~--~-F.j (2-~-v - o 
"~r =IX • 

w h e r e  .q is the v o r t i c i t y  de f ined  as  

CL m ---'iv _ ----.I)11 (8) 
9X ~ r  

The con t inu i ty  equa t ion  (Eq. (I)) m u s t  be m o d i f i e d  to ob ta in  a s o l u -  
t ion  b e c a u s e  it is a f i r s t - o r d e r  d i f f e r e n t i a l  equa t ion  as  opposed  to the  
v o r t i c i t y  equa t ion  (Eq.  (7)), wh ich  is a s e c o n d - o r d e r  equa t ion .  A 
s e c o n d - o r d e r  d i f f e r e n t i a l  equa t ion  can  be f o r m u l a t e d  to r e p l a c e  the  c o n -  
t i nu i ty  equa t ion  by i n t r o d u c i n g  a s t r e a m  func t ion ,  

v =-c÷f 
(9) 

The s t r e a m  func t ion  de f i ned  in Eq.  (9) s a t i s f i e d  con t inu i ty  Eq. (1) au to -  
m a t i c a l l y .  By combining Eqs. (9) and (8), a s ing l e  s e c o n d - o r d e r  d i f f e r -  
en t i a l  equa t ion  f o r  the  s t r e a m  func t ion  (~.) is  ob ta ined  

12 
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a ~ .  + - (  ) + r  a - o  ? x  z ~ r z ] 9 r  
(10) 

E q u a t i o n s  (7) and (10) r e p l a c e  Eqs .  (5), (6), and (1) to f o r m  a " V o r t i c i t y -  
S t r e a m  F u n c t i o n "  f o r m u l a t i o n .  

2.4 THE PRESSURE EQUATION 

Since  the  p r e s s u r e  t e r m  was  e l i m i n a t e d  in the  f i r s t  s t age  of the  
f o r m u l a t i o n ,  it n e e d s  to be r e c o v e r e d  a f t e r  the  ~Z and ¢, so lu t i ons  a r e  ob-  
t a ined .  Two m e t h o d s  a r e  ava i l ab l e ,  n a m e l y :  (1) the i n t e g r a t i o n  of m o -  
m e n t u m  Eqs .  (5) and (6), and (2) the  so lu t ion  of a p r e s s u r e  equa t ion .  
The f i r s t  m e t h o d  is  s t r a i g h t f o r w a r d .  Since  the p r e s s u r e  a p p e a r e d  in 
the  m o m e n t u m  equa t ion  in the  g r a d i e n t  f o r m ,  i . e . ,  a / a  x ( p / p )  and 
a / S r  (p /p) ,  one can i n t e g r a t e  the  m o m e n t u m  equa t ion  f r o m  a r e f e r e n c e  
poin t  w h e r e  the  p r e s s u r e  is  known to p r o v i d e  a con t inuous  d i s t r i b u t i o n  
a long  any path,  i . e . ,  

X - I n t e g r a t i o n  

1:'~- 1:', = ~' " ( t t T ' z ' ' v  ~ r -  { ~ . k )  

c,'.,,,, r r ) ] }  'J" 
(Ii) 

r - I n t e g r a t i o n  

3 

(12) 

+z ~ / ' ( ~ , ~ : ) { - - ~ - ,  gr  ,~ + z , r ,  + z r "  ~ " , ~  " 

The a c c u r a c y  of the  p r e s s u r e  c a l c u l a t e d  by Eqs .  (11) and (12) g e n e r a l l y  
d e p e n d s  on the  n u m e r i c a l  i n t e g r a t i o n  q u a d r a t u r e  in add i t i on  to the  a c c u -  
r a c y  of the  n u m e r i c a l l y  c a l c u l a t e d  v a r i a b l e s ,  such  as  u, v, k, e tc .  The 
m e t h o d  is  c o m m o n l y  u s e d  to eva lua t e  the  wal l  p r e s s u r e  d i s t r i b u t i o n  
w h e r e  Eqs .  (11) and (12) can  be s i m p l i f i e d  b e c a u s e  of  the  n o n - s l i p  wal l  
b o u n d a r y  cond i t ion ,  i . e . ,  u = v = 0 at the  wal l .  The a p p r o a c h  can  a l s o  
p r o v i d e  an in i t i a l  p r e s s u r e  d i s t r i b u t i o n  to be u s e d  as  an i n i t i a l  g u e s s  in 
the  so lu t ion  of the  p r e s s u r e  equa t ion  g iven  be low.  

13 
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The second method r e q u i r e s  the solut ion of a p r e s s u r e  equat ion 
which can be de r ived  by a f u r t h e r  d i f f e ren t i a t ion  (or  a g rad ien t  o p e r a -  
tion) of m o m e n t u m  Eqs .  (5) and (8), 

• X z o r  ~ r ar ~( t- 

" ) . "  r,,r z J} 
( 1 3 )  

Although Eq. (13) can provide  un ique ly  defined p r e s s u r e  d i s t r i b u t i o n s  
as  opposed to the path  dependent  i n t eg ra t ion  p r o c e d u r e ,  one needs  to 
solve  an addi t ional  equat ion  along with the r e l a t e d  boundary  condi t ions .  
Even  with the  p r e s s u r e  d i s t r i bu t ion  uniquely  d e t e r m i n e d ,  the a c c u r a c y  
s t i l l  depends on the n u m e r i c a l  method  used.  However ,  in c o n t r a s t  to 
the f i r s t  method,  the e r r o r  does not a ccumula t e  a long a p a r t i c u l a r  path 
of i n t eg ra t i on .  

The p r e s s u r e  equat ion (Eq. (13)) is a P o i s s o n ' s  equat ion with 
source  t e r m s  appea r ing  on the r i g h t - h a n d  s ide  of the equation.  In the 
p r e s e n t  a n a l y s i s ,  Eq. (13) is so lved i t e r a t i v e l y  by a point  i t e r a t i o n  
method.  The spec i f i ca t ion  of the boundary  condi t ion fo r  the  p r e s s u r e  
equat ion r e q u i r e s  spec ia l  a t ten t ion  and is d i s c u s s e d  in de ta i l  in Sect ion  
6 .1 .  

3.0 M A T H E M A T I C A L  MODELS OF TURBULENCE 

The concept  of the eddy v i s c o s i t y  (v t) in t roduced  in the p r ev ious  
sec t ion  s imp l i f i ed  the mode l ing  of the Reynolds  s t r e s s e s .  Thus,  in -  
s tead  of c o n s i d e r i n g  the Reynolds  s t r e s s e s  d i r e c t l y ,  one can work  with 
a s ingle  eddy v i s c o s i t y .  The mode l ing  of tu rbu lence ,  in th i s  c a s e ,  is  
d i r e c t l y  r e l a t e d  to the model ing  of the eddy v i s c o s i t y .  Because  the eddy 
v i s c o s i t y  is  not  a phys i ca l  p r o p e r t y  of the f luid,  one needs  a m a t h e m a t i -  
ca l  r e l a t i on  to ca lcu la te  it .  In gene ra l ,  the mode l s  of the eddy v i s c o s i t y  
can be divided into t h r e e  groups  depending on the degree  of s o p h i s t i c a -  
t ion,  name ly ,  (1) cons tan t  va lues ,  (2) a l g e b r a i c  r e l a t i o n s  to the  mean  
flow p r o p e r t y  and (3) d i f f e ren t i a l  equat ion r e p r e s e n t a t i o n s  of the t u rbu -  
lence  p r o p e r t i e s  (Refs .  13 and 14). 

14 
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3.1 CONSTANT VISCOSITY MODEL 

The s i m p l e s t  eddy  v i s c o s i t y  m o d e l  i s  

~ -- COnStant  ~ (14) 

in which  the  eddy  v i s c o s i t y  is  g iven  a c o n s t a n t  va lue  t h r o u g h o u t t h e  f low 
f ie ld .  Th is  m o d e l i n g ,  a l though  c r u d e ,  can  p r o v i d e  a p p r o x i m a t e  s o l u -  
t i ons  when  u s e d  in the  c a l c u l a t i o n  of c e r t a i n  s i m p l e  flow p r o b l e m s ,  such  
as  the  f a r  f i e ld  of a f r e e  t u r b u l e n t  r o u n d  je t .  The m o d e l  is a l s o  use fu l  
in the  e a r l y  s t age  of the  d e v e l o p m e n t  of a p a r t i c u l a r  n u m e r i c a l  m e t h o d  
o r  p r o c e d u r e  b e c a u s e  the  r e s u l t a n t  g o v e r n i n g  equa t i ons  a r e  the  s a m e  
as  t h o s e  d e r i v e d  f r o m  l a m i n a r  f lows wi th  a c o n s t a n t  m o l e c u l a r  v i s c o s i t y .  
The only  d i f f e r e n c e  is  that  the  eddy  v i s c o s i t y  is u s u a l l y  s e v e r a l  o r d e r s  
of m a g n i t u d e  l a r g e r  than the  m o l e c u l a r  v i s c o s i t y .  Without  the  spa t i a l  
v a r i a t i o n  of the  eddy  v i s c o s i t y ,  one can  c o n c e n t r a t e  d i r e c t l y  on the  s t a -  
b i l i ty  o r  the  c o n v e r g e n c e  of a p a r t i c u l a r  n u m e r i c a l  m e t h o d  u s e d  in the  
a n a l y s i s .  

The v o r t i c i t y  equa t ion  (Eq. (7)) in the  p r e s e n t  v o r t i c i t y - s t r e a m  
func t ion  f o r m u l a t i o n  can be s i m p l i f i e d  to the  fo l lowing  f o r m  by u s i n g  
the  c o n s t a n t  eddy  v i s c o s i t y  m o d e l :  

D.r v 

t sx* " ( "T) r j 
(i5) 

E q u a t i o n s  (14), (15), and (10) w e r e  u s e d  in the  c a l c u l a t i o n  of a p l a n a r  
d i f f u s e r  f low f i e ld  wi th  a fu l ly  d e v e l o p e d  p a r a b o l i c  e n t r a n c e  v e l o c i t y  
p r o f i l e .  The  d e t a i l e d  n u m e r i c a l  r e s u l t s  fo r  s e p a r a t e d  and n o n - s e p a r a t e d  
f lows ,  a long  wi th  an eva lua t ion  of c o n v e r g e n c e  c h a r a c t e r i s t i c s  of the  nu -  
m e r i c a l  m e t h o d  u s e d ,  a r e  d i s c u s s e d  in Sec t ion  6 .1 .  

3.2 ALGEBRAIC VISCOSITY MODEL 

In the a l g e b r a i c  v i s c o s i t y  m o d e l  fo r  b o u n d a r y - l a y e r  f lows ,  the  eddy  
v i s c o s i t y  is  r e l a t e d  to the  m e a n  v e l o c i t y  f i e ld  p a r a m e t e r s  t h r o u g h  an 
a l g e b r a i c  r e l a t i o n s h i p .  T h e r e  a r e  two types  of a l g e b r a i c  m o d e l s  c o m -  
m o n l y  u s e d ,  n a m e l y ,  a l oca l  m o d e l  and a g lobal  m o d e l .  The f o r m e r ,  
such  as  P r a n d t l ' s  m i x i n g  l eng th  t h e o r y ,  r e l a t e s  t h e  eddy  v i s c o s i t y  to 
the  loca l  v e l o c i t y  g r a d i e n t .  On the o t h e r  hand,  a g lobal  m o d e l  such  as  

15 
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the  one p r o p o s e d  by  C l a u s e r  (Ref .  15) r e l a t e s  the  eddy  v i s c o s i t y  to the 
i n t e g r a l  q u a n t i t i e s  such  as  the  d i s p l a c e m e n t  t h i c k n e s s  of a b o u n d a r y  
l a y e r .  The  P r a n d t l ' s  m i x i n g  l e n g t h  mode l  i s  

"/Zl I 

w h e r e  ~ i s  the  m i x i n g  l eng th .  In the  wa l l  r e g i o n ,  the  m i x i n g  l e n g t h  i s  
g iven  by  Van  D r i e s t  (Ref .  16) as  

= 0"41 ~ [ I - e x p ( -  z-6"~'I .e )] (z7) 

w h e r e  ~w is  the  s h e a r  s t r e s s  a t  the  wal l .  

The  Van D r i e s t  mode l  has  been  w i d e l y  u s e d  and  mod i f i ed  to inc lude  
o t h e r  e f f ec t s  such  as  the  p r e s s u r e  g r a d i e n t  ( a p / a x ) ,  wa l l  suc t i on ,  e tc .  
(Ref.  17). The m o d e l  h a s  been  u s e d  to ob ta in  f a i r l y  good r e s u l t s  fo r  
c e r t a i n  b o u n d a r y - l a y e r  f lows  (Refs .  18 t h r o u g h  21). It  is  u s e d  in  the  
p r e s e n t  a n a l y s i s  to c a l c u l a t e  the v e l o c i t y  d i s t r i b u t i o n  fo r  a f u l l y  d e v e l -  
oped c h a n n e l  flow. The fu l l y  deve loped  v e l o c i t y  p r o f i l e  i s  then  u s e d  a s  
the  i n l e t  cond i t ion  fo r  a d i f f u s e r  f low c a l c u l a t i o n .  F o r  fu l l y  d e v e l o p e d  
c h a n n e l  f lows ,  the  to ta l  s h e a r  s t r e s s  can  be w r i t t e n  a s  

(18) 

With  the a s s u m p t i o n  tha t  s h e a r  s t r e s s  i s  c o n s t a n t  n e a r  the  wa l l ,  
i. e . ,  • ~ ~w, Eqs .  (16), (17), and  (18) a r e  u s e d  to d e r i v e  the  v e l o c i t y  
g r a d i e n t :  

where 

"aU÷ =.L,I+= 2 

I ÷,i] I ÷ 4 (' 0.41)' ~ "  [ I -  IIX~ C- ~'l ' / i i)] ' 

~=+ .Q+ u.~ 
g z 

• I)' t 

and 

(19) 

(20) 
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F r o m  the  v o r t i c i t y  d i s t r i b u t i o n ,  g iven  by  Eq.  (19), the v e l o c i t y  and the 
s t r e a m  func t ion  d i s t r i b u t i o n s  can  be e a s i l y  ob t a ined  by  n u m e r i c a l  i n t e -  
g r a t i o n .  

F o r  m o r e  c o m p l i c a t e d  t u r b u l e n t  f lows ,  such  as  t hose  wi th  s t r o n g  
a d v e r s e  p r e s s u r e  g r a d i e n t s  and wi th  s e p a r a t i o n ,  P r a n d t l ' s  m i x i n g  
l eng th  m o d e l  i s  not  adequa t e  to ob ta in  s a t i s f a c t o r y  r e s u l t s .  A l though  
e x t e n s i o n s  and m o d i f i c a t i o n s  of the  m o d e l  a r e  p o s s i b l e ,  t h e y  u s u a l l y  r e -  
qu i r e  e x p e r i e n c e  in the  t u r b u l e n c e  m o d e l i n g  of a p a r t i c u l a r  f low p r o b l e m .  
Of ten ,  a t r i a l - a n d - e r r o r  a p p r o a c h  or  a n u m e r i c a l  o p t i m i z a t i o n  p r o c e -  
du re  i s  e m p l o y e d  to ob ta in  the  d e s i r e d  eddy  v i s c o s i t y  d i s t r i b u t i o n .  

3.3 DIFFERENTIAL EQUATION VISCOSITY MODEL 

In the  d i f f e r e n t i a l  equa t ion  m o d e l s ,  the  eddy  v i s c o s i t y  (v t) i s  r e -  
l a t e d  to the  c h a r a c t e r i s t i c s  of the  t u r b u l e n t  mo t ion ,  such  a s  the  t u r b u -  
l en t  k i n e t i c  e n e r g y ,  wh ich  a r e  ob ta ined  b y  so lu t ion  of a d d i t i o n a l  d i f f e r -  
en t i a l  equa t i ons .  Two m o d e l s  in t h i s  c a t e g o r y  a r e  c o m m o n l y  u s e d ,  
n a m e l y ,  (1) the  P r a n d t l ' s  o n e - e q u a t i o n  t u r b u l e n t  k i n e t i c  e n e r g y  m o d e l  
and  (2) the  P r a n d t l - K o l m o g o r o v  t w o - e q u a t i o n  m o d e l  (Ref .  13). 

F o r  the  P r a n d t l ' s  t u r b u l e n t  k i n e t i c  e n e r g y  m o d e l ,  the  eddy  v i s c o s i t y  
i s  r e l a t e d  to the p r o d u c t  of a l e ng th  s c a l e  and the s q u a r e  roo t  of the  t u r -  
bu len t  k i n e t i c  e n e r g y ,  i . e . ,  

w h e r e  ~ i s  a l e n g t h  s c a l e .  The t u r b u l e n t  k i n e t i c  e n e r g y  (k) i s  ob t a ined  
f r o m  a d i f f e r e n t i a l  equa t ion  and the  l e n g t h  s c a l e  (~) i s  s p e c i f i e d  a l g e -  
b r a i c a l l y .  F o r  s i m p l e  t u r b u l e n t  f lows ,  s e v e r a l  l eng th  s c a l e  f o r m u l a  
have  been  p r o p o s e d  (Ref .  13). U n f o r t u n a t e l y ,  the s p e c i f i c a t i o n  of the  
l e n g t h  s c a l e  s t i l l  r e q u i r e s  e x p e r i e n c e  and,  m o r e  of ten ,  a t r i a l - a n d -  
e r r o r  a p p r o a c h .  T h e r e f o r e ,  the  m e t h o d  is  not  g e n e r a l  and canno t  be  
u s e d  fo r  c o m p l e x  t u r b u l e n t  f lows wi th  e a s e .  N e v e r t h e l e s s ,  P r a n d t l ' s  
t u r b u l e n t  k i n e t i c  e n e r g y  mode l  c o n t a i n s  m o r e  i n f o r m a t i o n  about  the  
t u r b u l e n t  m o t i o n  than  does  h i s  m i x i n g  l e n g t h  t h e o r y .  

The TKE equa t ion ,  wh ich  can be d e r i v e d  f r o m  the  N a v i e r - S t o k e s  
equa t ion  (Ref.  12), i s  w r i t t e n  as  

17 



AEDC-TR-76-1 59 

" "l~' ] gk _ ~ ~1~ uj u j  + ) 

- ui.~'.i ,~xj ~ (~",i ~,x.i ) 
w h e r e  the summat ion  convent ion has  been used.  

(22) 

Equat ion  (22) conta ins  convec.tfon, diffusion,  and sou rce  t e r m s .  
B ecause  the tu rbu len t  k ine t ic  e n e r g y  is  dependent  on the h i s t o r y  of the 
tu rbu lence  mot ion,  the eddy v i s c o s i t y  model  (Eq. (21)) a l so  depends on 
the h i s t o r y  of the tu rbu lence  motion.  E x a m p l e s  of tu rbu len t  f lows with 
a s t rong  h i s t o r y  dependent  na tu re  a r e  f lows with s e p a r a t i o n s ,  f lows 
with s t rong  a d v e r s e  p r e s s u r e  g rad ien t ,  etc.  

F o r  the P r a n d t l - K o l m o g o r o v  two-equat ion  model ,  the length  sca l e  
(~) is  obtained f r o m  a t r a n s p o r t  equation.  F o r  high Reynolds  n u m b e r  
r eg ions  of the flow where  the m o l e c u l a r  v i s c o s i t y  effect  is  sma l l ,  the 
l eng th  sca le  a s s o c i a t e d  with the tu rbu len t  k ine t i c  e n e r g y  d i s s ipa t ion  
(c = (k)3/2 /~¢)  is  used in Eq. (21) to obtain 

~2 
(23) 

where  Cp is  a s s u m e d  to be a cons tan t  (0.09) a t  high Reynolds  number .  
Although addi t ional  equat ions  fo r  ¢ and k a r e  needed,  the spec i f i ca t ion  
of the leng th  sca l e  i s  comple t e ly  e l im ina t ed  which m a k e s  the model  a t -  
t r a c t i v e  for  the ca lcu la t ion  of complex tu rbu len t  f lows.  

3.3.1 High Reynolds Number Two-Equation k-e Model 

F o r  high Reynolds  number ,  the govern ing  equat ions  for  the tu rbu-  
len t  k ine t ic  e n e r g y  and i ts  d i s s ipa t ion  a r e  modeled  as (Ref. 22) 

k - Equat ion 

{ ,U ' , 'V, '  ,U g-~.Y"l-~- 
, + - . o  t ~  -j+ (TF ,x ,  j 

(24) 
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• - E q u a t i o n  

+ . 

where 

d , : 1 . 4 4  , ~ z :  1.92 and 6" E :1.1 

The  v a l u e  of c o n s t a n t s  u s e d  fo l lows  t ha t  of L a u n d e r  (Ref .  
the  s o - c a l l e d  i s o t r o p i c  p a r t  of the  to ta l  TKE d i s s i p a t i o n .  

(25) 

22), a n d • i s  

In d e r i v i n g  E q s .  (24) and (25), i t  was  a s s u m e d  tha t  the e f fec t  of the  
m o I e c u l a r  v i s c o s i t y  is  n e g l i g i b l e .  The a s s u m p t i o n  i s  v a l i d  in the  fu l l y  
t u r b u l e n t  r e g i o n s  at  h igh  R e y n o l d s  n u m b e r  w h e r e  the t u r b u l e n t  eddy  v i s -  
c o s i t y  (v t) i s  u s u a l l y  s e v e r a l  o r d e r  of m a g n i t u d e  l a r g e r  than  the  m o l e c -  
u l a r  v i s c o s i t y  (v). I n s ide  the  v i s c o u s  wa l l  s u b l a y e r ,  h o w e v e r ,  the  a s -  
s u m p t i o n  i s  no l o n g e r  v a l i d  b e c a u s e  the  m o l e c u l a r  v i s c o s i t y  does  p l a y  a 
d o m i n a n t  r o l e  t h e r e .  F o r  th i s  r e a s o n ,  a s p e c i a l  s u b l a y e r  f o r m u l a t i o n  
i s  n e c e s s a r y  w h i c h  can  be a c c o m p l i s h e d ,  f o r  e x a m p l e ,  by  m a t c h i n g  the  
so lu t ion  f r o m  the  f u l l y  t u r b u l e n t  r e g i o n  to ~n a n a l y t i c a l  l aw of the  wa l l  
so lu t ion .  Two t y p e s  of a n a l y t i c a l  e x p r e s s i o n s  a r e  c o m m o n l y  u sed ,  
n a m e l y ,  a l o g a r i t h m i c  law of the  wa l l  and a power  l aw v e l o c i t y  p r o f i l e .  
The  f o r m e r  is  g iven  as  

- [ z . s  P.. C + + m s  ] (26) 

w h e r e  y is  the  d i s t a n c e  f r o m  the  wa l l  and v'~ i s  the  f r i c t i o n  v e l o c i t y  de-  

f i ned  as  ~-~w/P. 

In the  p r e s e n t  s tudy ,  the  h igh  R e y n o l d s  n u m b e r  k - •  m o d e l  wi th  the  
l aw of the  wa l l  m a t c h i n g  i s  u s e d  in  the c a l c u l a t i o n  of a c o n i c a l  d i f f u s e r  
f low f i e ld  wi th  a f u l l y  deve loped  t u r b u l e n t  p ipe  f low at  the  e n t r a n c e .  
The r e s u l t s  a r e  p r e s e n t e d  in Sec t ion  6 .3 .  

3.3.2 Low Reynolds Number Two-Equation k-e Model 

For turbulent separated diffuser flow calculations, the prediction 
of the point of separation and the reverse flow field in the separated re- 
gion is of major importance. The high Reynolds number k-• model 
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with  the  l aw  of the  wa l l  m a t c h i n g  p r o c e d u r e  i s  not  a p p l i c a b l e  in the  s e p -  
a r a t e d  f low c a l c u l a t i o n  b e c a u s e  Eq.  (26) b e c o m e s  s i n g u l a r  a t  the  point  

of s e p a r a t i o n ,  i . e . ,  v# = q ~w/P - 0. In add i t i on  the  v a l i d i t y  of the  l a w  
of the  wa l l  p r o f i l e  (Eq.  (26)) in  a f low wi th  a s t r o n g  a d v e r s e  p r e s s u r e  
g r a d i e n t  i s  a l s o  q u e s t i o n a b l e  (Ref s .  23 and  24). T h e r e f o r e ,  i t  i s  n e c e s -  
s a r y  to i nc lude  the  s u b l a y e r  in  the  f o r m u l a t i o n  so t ha t  the  po in t  of s e p -  
a r a t i o n  can  be p r e d i c t e d .  In the  p r e s e n t  a n a l y s i s ,  t h i s  i s  a c c o m p l i s h e d  
b y  the u s e  of (1) a low R e y n o l d s  n u m b e r  t w o - e q u a t i o n  k -e  m o d e l  t ha t  
i n c l u d e s  the  e f f ec t  of the  m o l e c u l a r  v i s c o s i t y ,  and (2) a c o o r d i n a t e  
t r a n s f o r m a t i o n  wh ich  s t r e t c h e s  the  s u b l a y e r  r e g i o n  to p r o v i d e  m a n y  
c o m p u t a t i o n a l  g r i d  po in t s  in  tha t  r e g i o n .  

F o r  low R e y n o l d s  n u m b e r ,  C/~ in Eq.  (23) is  r e d e f i n e d  in the  p r e s -  
ent  s t udy  a s  

A 
5Ca+ A/b) (27) 

w h e r e  A = ~ - k y / u ,  y i s  m e a s u r e d  f r o m  the  wa l l ,  and a and  b a r e  con -  
s t a n t s .  The  k - e q u a t i o n  b e c o m e s  

- } 

(~,Lpe) ~' + z~ ~, = o 

(28) 

The l a s t  t e r m  of Eq.  (28) i s  the  to t a l  TKE d i s s i p a t i o n  wh ich  c o n s i s t s  of 
the  i s o t r o p i c  and  the  n o n - i s o t r o p i c  p a r t s  of the  d i s s i p a t i o n .  The  
e - equa t ion  b e c o m e s  

_ 

& (..r2r,'*:,~ ,~_..v, z (_v~,;l '~,, "~v}' 

~z t ,E z 
- '  - - 0  

(~' + ~t/e,)  k 

(29) 

20 



: A E  D C - T R - 7 6 - 1 5 9  

w h e r e  

and'  

d,=1.44 , d~=l .~Jer i -o .~exr ( -R ' ) ]  , ~ . i . i  (30)  

R = k 2 / ( ~ .  ) (31) 

Note tha t  E q s .  (27), (28), and ( 2 9 ) r e d u c e  to E q s .  (23), (24), and  (25), 
r e s p e c t i v e l y ,  when  v is  n e g l e c t e d .  The low R e y n o l d s  n u m b e r  t e r m s  in  
E q s .  (27), (28), and (29) a r e  d e r i v e d  in  the  fo l lowing  p a r a g r a p h s .  

3.3,2.1 Derivation of the Total Turbulent Kinetic 
Energy Dissipation at the Wall 

The exac t  e x p r e s s i o n  f o r  the  to ta l  t u r b u l e n t  k i n e t i c  e n e r g y  d i s s i p a -  
t ion  i s  (Ref .  12): 

m m 

At the  wa l l ,  v e l o c i t y  g r a d i e n t s  such  as  a u " / s x ,  8 u ' / 8 z ,  8v" / ax, a v ' / 8 z ,  
a w ' / a x ,  and a w ' / s z  v a n i s h .  In add i t ion ,  f r o m  the con t i nu i t y  equa t ion ,  
8 v ' / S y  a l s o  v a n i s h e s .  T h e r e f o r e ,  the to ta l  t u r b u l e n t  k i n e t i c  e n e r g y  
d i s s i p a t i o n  at  the  wal l  can  be s i m p l i f i e d  to 

~ ' / "  + { ~w'/2 I. e,r,w=  j (33)  

E q u a t i o n  (33) can  be e v a l u a t e d  a t  the  wa l l  in the  fo l lowing  m a n n e r :  

I 7 

(34) 

w h e r e  y is  m e a s u r e d  f r o m  the  wa l l .  Equa t i on  (34) can  a l s o  be w r i t t e n  
in t e r m s  of the  TKE as  

21 



AE D C-TR-76-1 59 

(35) 

The l a s t  t e r m  in Eq. (35) is sma l l  c o m p a r e d  to the f i r s t  t e r m  n e a r  the 
wall  and, t h e r e f o r e ,  may  be neglec ted .  The f inal  e x p r e s s i o n  for  the 
to ta l  tu rbu len t  k ine t ic  ene rgy  d i s s ipa t ion  at  the wall  becomes  

(36) 

This  t e r m  was ignored  in the high Reynolds  number  fo rmu la t i on  of the 
tu rbu len t  k ine t ic  ene rgy  equat ion (Eq. (24)). But, it  should be included 
in the low Reynolds  number  fo rmula t ion  in r eg ions  where  the m o l e c u l a r  
v i s c o s i t y  effect  is  not negl ig ible .  In the high Reynolds  number  r eg ions ,  
the to ta l  TKE d iss ipa t ion  cons i s t s  of only the i so t rop ic  p a r t  of the d i s -  
s ipa t ion .  The i so t rop ic  pa r t  d e c r e a s e s  r ap id ly  n e a r  the wall  and van-  
i shes  comple t e ly  at  the wall.  Since the to ta l  TKE d i s s ipa t ion  t e r m  is 
needed in the ca lcu la t ion  of the low Reynolds  number  TKE equat ion not 
only at  the wall but a l so  throughout  the v i scous  sub laye r ,  a f o r m u l a  that  
r e p r e s e n t s  the n o n - i s o t r o p i c  pa r t  of the tu rbu len t  k ine t ic  ene rgy  d i s s i -  
pat ion needs  to be developed.  In the p r e s e n t  study,  Eq. (36) is used  not  
only at  the wall  to r e p r e s e n t  the TKE d i s s ipa t ion  but a l so  throughout  the 
flow f ie ld  to r e p r e s e n t  the n o n - i s o t r o p i c  pa r t  of the TKE d iss ipa t ion .  
The total  TKE d i s s ipa t ion  is r e p r e s e n t e d  by 

(37) 

th roughout  the flow f ield.  Equat ion  (37) appea r s  as  the l a s t  t e r m  in the 
low Reynolds  number  f o rmu la t i on  (Eq. (28)). 

3.3.2.2 Derivation of the Coefficient (Cp) for the 
Low Reynolds Number Model 

In o r d e r  to d e t e r m i n e  the coeff ic ient  (C/~) f r o m  Eq. (2"3), one needs  
to have a r e a l i s t i c  d i s t r ibu t ion  of u t and k2 /e  nea r  the wall .  Since one 
of the u l t ima te  goals  of the p r e s e n t  ana lys i s  is  the p red ic t i on  of s ep -  
a r a t e d  d i f fuser  f lows,  the eddy v i s cos i t y  models  p roposed  by Mellon 
and H e r r i n g  (Ref. 25), Glusko (Ref. 26), and Albe r  (Ref. 27) for  n e a r l y  
s epa ra t ed  or  s epa ra t ed  b o u n d a r y - l a y e r  flows a re  used.  These  au tho r s  
r e p r e s e n t  the eddy v i s c o s i t y  in the sub laye r  r eg ion  by 
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, A z , )  
(38) 

w h e r e  A is  the  c h a r a c t e r i s t i c  length  in the s u b l a y e r  defined as  ~ y /u  
and a and b a r e  cons tan t s .  The total  tu rbu len t  k ine t i c  e n e r g y  d i s s i p a -  
t ion i s  mode led  by Mel lon and H e r r i n g  as  

~Zj,, (39) 

The i so t rop i c  pa r t  of the TKE d i s s ipa t ion  can be obtained f r o m  Eqs .  
(39) and (37) as  

E. = k2/(3PA) (40) 

Equat ion  (40) can a l so  be wr i t t en  as  

k 2 
-- = 5 ~)A (41) 

By subs t i tu t ing  Eqs .  (41) and (38) into Eq. 
the coef f ic ien t  (C/~) is  

(23), the f inal  e x p r e s s i o n  for  

" 3 { 0 . ~  .C /b )  (42)  

In this  s tudy,  the va lue  of a is t aken  to be 1,100,  whi le  the value of b is 
d e t e r m i n e d  by taking the high Reynolds  n u m b e r  l i m i t  of C/~, i . e . ,  

~, - 0 . 0 9  
-~ L a r g e  3 "  - 

(43) 

whe re  the value 0 .09 a p p e a r s  to be r e p r e s e n t a t i v e  for  high Reynolds  
number  f lows (Refs.. 28 and 29). Thus,  the coef f ic ien t  (b) d e t e r m i n e d  
f rom Eq. (43) is  

b = O. Z7 (44) 

The funct ion C~ is  plot ted in Fig.  1. It should be noted that  d i r e c t  m e a -  
s u r e m e n t  of the d i s s ipa t ion  t e r m  c is diff icult .  Thus ,  the va l id i ty  of the 
a n a l y t i c a l  model  e x p r e s s i o n s  can be ve r i f i ed  only  through the c o m p a r i s o n  
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of the n u m e r i c a l l y  c o m p u t e d  and e x p e r i m e n t a l l y  m e a s u r a b l e  q u a n t i t i e s  
in t u r b u l e n t  f lows.  

3.3.3 Discussions on the Present and Launders Model 

T h e r e  a r e  s o m e  b a s i c  d i f f e r e n c e s  b e t w e e n  the  p r e s e n t  and 
L a u n d e r ' s  m o d e l .  The  a p p r o a c h  u s e d  by L a u n d e r ,  e t  a l . ,  in d e t e r m i n -  
ing the  c o e f f i c i e n t  (C~) was  b a s e d  on the l e s s  g e n e r a l  Van D r i e s t  f o r m  
of the  m i x i n g  l eng th  f o r m u l a  (Eq. (17)) w h i c h  d e t e r m i n e d  the  e d d y  v i s -  
c o s i t y  d i s t r i b u t i o n  in a c o n s t a n t  s h e a r  Coue t t e  f low. The  eddy  v i s c o s i t y ,  
thus  d e t e r m i n e d ,  was  u s e d  on the  l e f t - h a n d  s i d e  of Eq. (23). The  

- e q u a t i o n  was  then  " a d j u s t e d  and c a l c u l a t e d "  so tha t  a r e a s o n a b l e  t u r -  
bu l en t  k i n e t i c  e n e r g y  d i s t r i b u t i o n  was  o b t a i n e d  in the  v i s c o u s  s u b l a y e r  
r e g i o n .  F i n a l l y ,  wi th  k and c d e t e r m i n e d ,  Eq.  (23) was  i n v e r t e d  to 
p r o v i d e  a p r e l i m i n a r y  e s t i m a t e  of C/~. The  func t iona l  f o r m  of C/~ ob-  
t a i n e d  f r o m  Eq.  (23) was  then  u s e d  to p r o v i d e  the  f ina l  e x p r e s s i o n  wh ich  
is  g iven  in  Tab le  1. 

D u r i n g  the  c o u r s e  of the  n u m e r i c a l  o p t i m i z a t i o n ,  L a u n d e r  found 
tha t  an add i t i ona l  a r t i f i c i a l  t e r m  is  n e e d e d  in the  ~ - e q u a t i o n  in o r d e r  to 
have  a m a x i m u m  va lue  of the  TKE d i s t r i b u t i o n  at  y+ ~ 20 as  i n d i c a t e d  
by e x p e r i m e n t a l  da ta .  The  f inal  f o r m  of L a u n d e r ' s  a r t i f i c i a l  t e r m  is  
a l s o  g i v e n  in Tab le  1. 

C o n s i d e r  the  m o d e l i n g  of the  n o n - i s o t r o p i c  p a r t  of TKE d i s s i p a t i o n  
t e r m .  F r o m  Table  1, it  can be s e e n  that  bo th  m o d e l s  u s e  the  TKE d i s -  
t r i b u t i o n  (k). F o r  the  p u r p o s e  of d e m o n s t r a t i o n ,  a t yp i ca l  TKE d i s t r i -  
bu t ion  in  a fu l ly  d e v e l o p e d  c h a n n e l  f low is  g iven  in  F ig .  2. The t u r b u -  
l e n t  k i n e t i c  e n e r g y  r e a c h e s  a m a x i m u m  va lue  n e a r  the  wal l  and d e c r e a s e s  
m o n o t o n i c a l l y  t o w a r d  the  wal l  and  t h e  c e n t e r l i n e .  S ince  the  p r e s e n t  d i s -  
s i p a t i o n  m o d e l  is  d i r e c t l y  p r o p o r t i o n a l  to the  t u r b u l e n t  k i n e t i c  e n e r g y ,  
it i s  a lways  p o s i t i v e .  The p r e s e n t  m o d e l  p r o v i d e s  a n o n - z e r o  va lue  at  

+ 
the  m a x i m u m  TKE l o c a t i o n  (Ymax). B e c a u s e  the  s lope  of the  TKE d i s -  

t r i b u t i o n  v a n i s h e s  at the  peak  l o c a t i o n ,  the  L a u n d e r ' s  m o d e l  fo r  (c T - ~) 

i s  z e r o  ( s e e  F ig .  2). As  a r e s u l t ,  L a u n d e r ' s  m o d e l  u n d e r e s t i m a t e s  the  
+ 

e n e r g y  d i s s i p a t i o n  in the  n e i g h b o r h o o d  of Ymax which  p r o b a b l y  a f f ec t s  the  
so lu t ion  in such  a way  tha t  both the  TKE and i ts  s e c o n d  d e r i v a t i v e  c a n -  
not  r e a c h  the  e x p e r i m e n t a l  va lue .  

With  the  p r e s e n t  m o d e l ,  Eq.  (28) b e c o m e s  

(45)  
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With the  L a u n d e r ' s  m o d e l ,  Eq. (28) b e c o m e s  

(46) 

The l a s t  t e r m  of Eq. (46) r e p r e s e n t s  only  the i s o t r o p i c  p a r t  of the  
e n e r g y  d i s s i p a t i o n .  To o v e r c o m e  th i s  d i f f icu l ty ,  L a u n d e r  c r e a t e d  an 
a r t i f i c i a l  t e r m  (Tab le  1) in the  c - e q u a t i o n  so that  the m a g n i t u d e  of the  
i s o t r o p i c  p a r t  of TKE d i s s i p a t i o n  (~) can be i n c r e a s e d  to a h i g h e r  l e v e l .  

4.0 COORDINATE SYSTEMS AND TRANSFORMATIONS 

The g o v e r n i n g  equa t ions  i n t r o d u c e d  in the p r e v i o u s  s e c t i o n s  m u s t  
be s o l v e d  in con junc t ion  with b o u n d a r y  cond i t i ons  fo r  the  p a r t i c u l a r  f low 
p r o b l e m  of i n t e r e s t .  The  key  to the s u c c e s s f u l  u s e  of a g iven  f o r m u l a -  
t ion  is  s t r o n g l y  a func t ion  of the c o o r d i n a t e  s y s t e m  u s e d  and the  nu-  
m e r i c a l  m e t h o d  adop ted  in the  ca l cu la t ion .  S e v e r a l  t ypes  of c o o r d i n a t e  
s y s t e m s  and t r a n s f o r m a t i o n s  m a y  be u s e d  depend ing  on the  p r o b l e m  to 
be so lved .  S ince  the  g o v e r n i n g  equa t ions  and b o u n d a r y  c o n d i t i o n s  
u s u a l l y  a r e  d i s c r e t i z e d  in f in i te  d i f f e r e n c e  f o r m  and then  s o l v e d  a l g e -  
b r a i c a l l y  on d ig i t a l  c o m p u t e r s ,  i m p o r t a n t  f a c t o r s ,  such  as the  c o m p u t e r  
s t o r a g e ,  the c o m p u t i n g  t i m e ,  and the a c c u r a c y  of the  so lu t ion ,  n e e d  to 
be c o n s i d e r e d  in the  f o r m u l a t i o n  of a c o m p u t e r  p r o g r a m .  The s i z e  of 
the  c o m p u t e r  s t o r a g e  l i m i t s  the n u m b e r  of d i s c r e t i z e d  v a r i a b l e s  one 
can u s e  for  a p a r t i c u l a r  f low p r o b l e m .  It a l s o  l i m i t s  the  a c c u r a c y  of 
the  so lu t i on  b e c a u s e  of the  f in i te  n u m b e r  of g r i d  po in t s  a v a i l a b l e  to de -  
s c r i b e  the  f low f ie ld .  N a t u r a l l y ,  the  m o r e  the  g r i d  po in t s  the  h i g h e r  the  
a c c u r a c y .  

4.1 UNIFORM AND NONUNIFORM SYSTEMS 

The s i m p l e s t  way to d e s c r i b e  a f low f ie ld  is to u se  a u n i f o r m  co -  
o r d i n a t e  s y s t e m  that  has  equal  spac ing  in each  of i t s  c o o r d i n a t e s  ( s e e  
F ig .  3). The a d v a n t a g e s  a r e  (1) the p h y s i c a l  l o c a t i o n  can  be e a s i l y  
i den t i f i ed  which  e a s e s  the  i n t e r p r e t a t i o n  of the  so lu t ion ,  and (2) f e w e r  
c a l c u l a t i o n s  a r e  n e e d e d  b e c a u s e  the  g r i d  spac ing  n e e d s  to be c a l c u l a t e d  
only  once  in a p r o g r a m .  In the  p r e s e n t  s tudy,  the  u n i f o r m  s y s t e m  is  
u s e d  in Sec t ion  6.1 to c a l c u l a t e  the flow f i e ld  in a d i f f u s e r  wi th  a p a r a -  
bo l i c  in le t  v e l o c i t y  p r o f i l e .  The d i f f u s e r  g e o m e t r y  u s e d  ha s  c o n s t a n t  
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wid th  {nlet and  ex i t  s e c t i o n s  which  f i t  the  c o o r d i n a t e  s y s t e m  n i c e l y  ex-  
cept  a t  the  b o u n d a r y  of the  d i v e r g i n g  s e c t i o n .  The d i v e r g i n g  s e c t i o n  can  
be  r e p r e s e n t e d  by  g e n e r a t i n g  the c o o r d i n a t e  l i n e s  f r o m  the d i v e r g i n g  
s e c t i o n  so  tha t  g r i d  po in t s  l i e  a l ong  the  d i v e r g i n g  wa l l  ( s e e  F i g .  3b). 
Th i s  a p p r o a c h  w o r k s  we l l  when  the  d i v e r g i n g  ang le  i s  n e i t h e r  too l a r g e  
n o r  too s m a l l .  

When  l a r g e  v e l o c i t y  g r a d i e n t s  o c c u r  in  the  f low f i e ld ,  the  u n i f o r m  
s y s t e m  i s  no l o n g e r  adequa te  to d e s c r i b e  the  f low.  In tha t  s i t u a t i o n ,  a 
n o n u n i f o r m  s y s t e m  is  n e c e s s a r y .  By  a r r a n g i n g  m o r e  g r i d  l i n e s  in the  
r e g i o n  w h e r e  l a r g e  v e l o c i t y  g r a d i e n t s  o c c u r  (F ig .  3c),  the  a c c u r a c y  of 
the  so lu t i on  can  be  i m p r o v e d .  But  the a p p r o a c h  r e q u i r e s  e x p e r i e n c e  on 
a p a r t i c u l a r  f low p r o b l e m ,  and in m o s t  c a s e s ,  the  m a n u a l  a r r a n g e m e n t  
of the  c o o r d i n a t e s  i s  i n e v i t a b l e .  In add i t i on ,  the  a c c u r a c y  of the  r e -  
su l t  f r o m  a n o n u n i f o r m  s y s t e m  is  d i f f i cu l t  to i n t e r p r e t  in  t e r m s  of g r i d  
s p a c i n g s .  N e v e r t h e l e s s ,  the  n o n u n i f o r m  c o o r d i n a t e  s y s t e m  is  h i g h l y  
f l ex ib l e  in the  e a r l y  s t a g e s  of p r o g r a m  d e v e l o p m e n t  so  t ha t  the  b a s i c  
f e a t u r e s  of the  so lu t ion  can  be ob ta ined .  Th i s  a p p r o a c h  was  adop ted  
fo r  the  c a l c u l a t i o n  of a t u r b u l e n t  s e p a r a t e d  d i f f u s e r  f low wi th  an  a l g e b r a i c  
t u r b u l e n c e  m o d e l  in  Sec t ion  6 .2 .  

4.2 COORDINATE TRANSFORMATION 

4.2.1 Body-Aligned Coordinate Transformation 

F o r  d i f f u s e r s  wi th  a s m a l l  d i v e r g i n g  ang le ,  i t  b e c o m e s  v e r y  d i f f i -  
cu l t  to u s e  the  n o n u n i f o r m  c o o r d i n a t e  s y s t e m  s u c h  a s  the  one  shown in 
F i g .  3c. A b o d y - a l i g n e d  c o o r d i n a t e  s y s t e m  is  e s s e n t i a l  f o r  a p r o p e r  
so lu t i on  in  th i s  c a s e ,  and i t  a l s o  w o r k s  we l l  f o r  c u r v e d  w a l l s .  The  c o -  
o r d i n a t e  t r a n s f o r m a t i o n  u s e d  in  the  p r e s e n t  a n a l y s i s  i s  

= X ~ '~ = ~ )  (47) 

w h e r e  S(x) r e p r e s e n t s  the  l a t e r a l  c o o r d i n a t e  of the  d i f f u s e r  wa l l .  E q u a -  
t ion  (47) i s  a l i n e a r  s t r e t c h i n g  func t ion .  The c o r r e s p o n d i n g  t r a n s f o r m a -  
t ion  f a c t o r s  a r e  

(48) 

w h e r e  S'(x) r e p r e s e n t  dS(x) /dx .  The t r a n s f o r m a t i o n  g iven  b y  Eq.  (47) 
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t r a n s f o r m s  a p h y s i c a l  d o m a i n  of a d i f f u s e r  into a r e c t a n g u l a r  shape  ( s e e  
F ig .  4). The  g o v e r n i n g  equa t ions  d e v e l o p e d  in the  p r e v i o u s  s e c t i o n s  a r e  
t r a n s f o r m e d  in to  the  x, r p l ane  by u s i n g  the  cha in  r u l e  d i f f e r e n t i a t i o n ,  

• ,t-F) 

9 L 9 

~xgP 9xOP 

(49) 

Al though the  t r a n s f o r m e d  d o m a i n  shape  b e c o m e s  s i m p l e ,  the  n u m -  
b e r  of t e r m s  in the  g o v e r n i n g  equa t ions  g r o w s .  In the  p r e s e n t  a n a l y s i s ,  
Eq.  (47) is  u s e d  to t r a n s f o r m  an 8 - d e g  con ica l  d i f f u s e r  into a r e c t a n g u -  
l a r  shape .  The  c o m p u t a t i o n  was  then  c a r r i e d  out in the  t r a n s f o r m e d  
d o m a in .  The r e s u l t s  a r e  p r e s e n t e d  in Sec t ion  6 .3 .  

4.2.2 Coordinate Transformation with a Sublayer Stretching 

The e x i s t e n c e  of a th in  s u b l a y e r  c o m m o n l y  found in the  t u r b u l e n t  
wa l l  b o u n d a r y  l a y e r  m a k e s  it  v e r y  d i f f icu l t  to s o l v e  the  whole  p r o b l e m  
in the  p h y s i c a l  d o m a i n  wi th  a u n i f o r m  c o o r d i n a t e  s y s t e m .  It b e c o m e s  
n e c e s s a r y  to s t r e t c h  the  s u b l a y e r  r e g i o n  in such  a way  tha t  the  s h a r p  
g r a d i e n t  in f low v a r i a b l e s  can be r e a s o n a b l y  r e s o l v e d .  In the  p r e s e n t  
a n a l y s i s ,  a c o m p o s i t e  c o o r d i n a t e  t r a n s f o r m a t i o n  i s  u s e d  to p r o v i d e  
good r e s o l u t i o n  t h roughou t  the  f low f ie ld .  F o r  a fu l ly  d e v e l o p e d  channe l  
f low v e l o c i t y  p r o f i l e ,  the  s u b l a y e r  v e l o c i t y  d i s t r i b u t i o n  is  a l i n e a r  func-  
t ion  of the  d i s t a n c e  f r o m  the  wal l ,  i. e . ,  

U ÷ = (50) 

where u + = u/v ~ and y+ = y v~-'/v. The velocity gradient of the sublayer 
profile, i.e., 8u/By = v;~2/u, provides the basic stretching factor for 
8~/8y in the coordinate transformation given by 

where y is the coordinate measured from the wall with y = I at the 
centerline, ~ is the stretched coordinate, and ~, /3, and Yo are parameters 
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in the t r a n s f o r m a t i o n .  In the co re  r eg ion ,  the s t r e t c h i n g  f a c t o r  ( a~ /ay)  
is  g r a d u a l l y  changed to un i ty  at  the c e n t e r l i n e  whe re  no s t r e t c h i n g  is  
needed  b e c a u s e  of the low g rad i en t s  in the ve loc i t y  p rof i l e .  The smooth  
t r a n s i t i o n  is  p rov ided  by the core  t r a n s f o r m a t i o n  funct ion 

= l , , [ c o s h  +F  , (52) 

w h e r e  c and F a r e  p a r a m e t e r s  in the  t r a n s f o r m a t i o n .  By p r o p e r  m a t c h -  
ing of the two t r a n s f o r m a t i o n  funct ions ,  one can d e t e r m i n e  the coef f i -  
c i en t s  and thus provide  a continuous t r a n s f o r m a t i o n  fo r  the whole flow 
f ield.  A typ ica l  coord ina te  t r a n s f o r m a t i o n  given by Eqs .  (51) and (52) 
is  shown in Fig.  5. The de ta i l ed  de r iva t ion  of the p a r a m e t e r s  used  in 
the t r a n s f o r m a t i o n  is given in Appendix A. 

The ab i l i t y  of the coord ina te  t r a n s f o r m a t i o n  to provide  good r e s o l u -  
t ion in the  t r a n s f o r m e d  coord ina te  plane is d e m o n s t r a t e d  by c o n s i d e r i n g  
the ve loc i ty  and the tu rbu len t  k ine t i c  e n e r g y  d i s t r i bu t i ons  in a channe l  
flow shown in phys i ca l  coo rd ina t e s  in Fig .  6a. It can be seen  tha t  l a r g e  
g r a d i e n t s  of the ve loc i ty  and tu rbu len t  k ine t i c  e n e r g y  p ro f i l e s  ex i s t  n e a r  
the wal l .  P o o r  r e s o l u t i o n  can be expected  in the s u b l a y e r  r eg ion  when 
one a t t e m p t s  to use  a un i fo rm coord ina te  s y s t e m  to d e s c r i b e  the p r o -  
f i l es .  However ,  when Eqs .  (51) and (52) a r e  u sed  to s t r e t c h  the sub-  
l a y e r  and the co re  reg ion ,  s h a r p  g rad i en t s  in ve loc i ty  p ro f i l e s  d i m i n i s h  
as  ind ica ted  in F ig .  6b. Thus,  the de ta i l  ve loc i ty  and tu rbu len t  k ine t i c  
e n e r g y  p ro f i l e s  can  be adequa te ly  d e s c r i b e d  in the t r a n s f o r m e d  coo rd i -  
na te s .  F o r  th is  r e a s o n ,  the coord ina te  t r a n s f o r m a t i o n  p lays  an i m p o r -  
tant  r o l e  in obta in ing an a c c u r a t e  n u m e r i c a l  solut ion.  

4.2.3 A Complete Coordinate Transformation for a Diffuser Flow 

Both the body-a l igned  coord ina te  t r a n s f o r m a t i o n  and the s u b l a y e r  
s t r e t c h i n g  a r e  n e c e s s a r y  to provide  a good spa t i a l  r e s o l u t i o n  t h rough-  
out a d i f fuse r  flow f ie ld .  The comple te  coord ina te  t r a n s f o r m a t i o n  is  
ach ieved  f i r s t  by mapping  the d i f fuse r  shape into a r e c t a n g u l a r  domain  
then fol lowed by a s u b l a y e r  s t r e t c h i n g  (see  F ig .  7). The comple te  
t r a n s f o r m a t i o n  is  given as  

X = X (53)  

In the s u b l a y e r  reg ion ,  

{ ~ r= S-) r,w- 
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In the co re  reg ion ,  

(55) 

o-~'.< r% 
where  r is  m e a s u r e d  f r o m  the cen t e r l i ne ,  S(x) r e p r e s e n t s  the d i f fuse r  
wal l  shape,  T o is the t r a n s f o r m e d  ma tch ing  loca t ion ,  and ~max  is  the 
t r a n s f o r m e d  wall  shape.  The comple te  t r a n s f o r m a t i o n  f a c t o r s  a r e :  

In the  sub l aye r  r eg ion  f rom Eq. (54), 

~ . =  ~ cos" [ p ~ r,,,,- ~')] 

~'F z.p__ ~ ~os[O(.i.,.,, ..~)] si.[o(.~,,,. _.F) ] 
= " / g r ~ z  ~'F S~,)/~?'~ + z(S t=n[p(rm=x-F)] ,~, 

*iF = z~ cos~p(~m,x -F) ]  ('~'x r) sin[p(~;.=x-FJ ] 

St=) ~7 
- Sex) ( 3 7 )  

(56) 

In the core  reg ion ,  f rom Eq. (55 ) ,  

~e 

~ r  [ 

~r Stx) [c + ta.h (Fo-T 1] 
,aF 
~ - =  -~:t=~ - L -  r g7~ St=) "~ ' "  
,~F . t~_~_~ sech z ( F , - F )  

I ~. 

~)xgr = " ) r ' ,  ;)x, [c  + +a.~ (~o-T) ] Sex) "~'7" 

• ,~F,r..,, r ~ x j . a  
"~x ' ' ' ~  = Stx)';)x~, ~-~ ~ - ; )  r 

(57) 
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The t r a n s f o r m a t i o n  f a c t o r s  g iven  b y  E q s .  (56) and  (57) w i l l  be u s e d  in 
the  nex t  s e c t i o n  to d e r i v e  the  g o v e r n i n g  e q u a t i o n s  in  the  t r a n s f o r m e d  
c o o r d i n a t e s .  In the  p r e s e n t  a n a l y s i s ,  the  c o o r d i n a t e  t r a n s f o r m a t i o n  
g iven  b y  E q s .  (53), (54), and  (55) was  u s e d  in the  c a l c u l a t i o n  of s e p -  
a r a t e d  and n o n - s e p a r a t e d  d i f f u s e r  f lows .  The r e s u l t s  a r e  p r e s e n t e d  
in Sec t ion  6 .4 .  

5.0 FINITE DIFFERENCE FORMULATION AND NUMERICAL 
SOLUTION PROCEDURE 

The g o v e r n i n g  equa t ions  and the  t u r b u l e n c e  m o d e l s  p r e s e n t e d  in  
the  p r e v i o u s  s e c t i o n s  a r e  a s y s t e m  of coup led  n o n - l i n e a r  p a r t i a l  d i f f e r -  
en t i a l  e q u a t i o n s .  The  s y s t e m  canno t  be s o l v e d  a n a l y t i c a l l y  and,  t h e r e -  
f o r e ,  m u s t  be s o l v e d  by  n u m e r i c a l  m e t h o d s .  The s y s t e m  of e q u a t i o n s  
b e c o m e s  even  m o r e  c o m p l i c a t e d  when i t  i s  w r i t t e n  in  the  t r a n s f o r m e d  
c o o r d i n a t e s  s u c h  a s  t hose  d e s c r i b e d  in  Sec t ion  4 . 2 . 3 .  In  the  p r e s e n t  
a n a l y s i s ,  a s t a n d a r d  f o r m  of the  t r a n s f o r m e d  e q u a t i o n s  i s  f i r s t  de -  
r i v e d  to r e p r e s e n t  the  c o m m o n  f e a t u r e s  of the  g o v e r n i n g  e q u a t i o n s .  A 
g e n e r a l  f in i t e  d i f f e r e n c e  f o r m u l a t i o n  i s  then  d e v e l o p e d  so  tha t  s t a b l e  
and c o n v e r g e n t  s o l u t i o n s  can  be ob ta ined  f o r  a wide  r a n g e  of R e y n o l d s  
n u m b e r .  The s t a b i l i t y  l i m i t a t i o n  a s s o c i a t e d  wi th  the  c e n t r a l  d i f f e r e n c e  
s c h e m e  and  the  a c c u r a c y  p r o b l e m  i n h e r e n t  to the  u p - w i n d  d i f f e r e n c e  
s c h e m e  a r e  avo ided  b y  the  u s e  of the  l o c a l l y  e v a l u a t e d  d e c a y  f u n c t i o n s  
in  the  f i n i t e - d i f f e r e n c e  f o r m u l a t i o n .  

5.1 COMPLETE GOVERNING EQUATIONS IN THE TRANSFORMED 
COORDINATES AND THE STANDARD FORM EQUATION 

F o r  the  s e p a r a t e d  o r  n o n - s e p a r a t e d  d i f f u s e r  f low c a l c u l a t i o n s ,  
the  c o o r d i n a t e  t r a n s f o r m a t i o n  g iven  b y  E q s .  (53), (54), and (55) i s  
n e c e s s a r y  to  p r o v i d e  a d e q u a t e  r e s o l u t i o n  in both the  c o r e  and the  v i s -  
cous  s u b l a y e r  r e g i o n .  The  v o r t i c i t y - s t r e a m  func t ion  f o r m u l a t i o n  and 
the t w o - e q u a t i o n  low R e y n o l d s  n u m b e r  t u r b u l e n c e  m o d e l  w r i t t e n  in  the  
t r a n s f o r m e d  c o o r d i n a t e s  a r e :  
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Vor t i c i t y  Equat ion ( Q. ): 

- @) ~+-E-~]* T~r L,'~' ,,,,~L~-,E, ,x 

; 'E~rJt~t~'Tl lF~/~r,~)r • ( '~ '+ , tx -a~, , j  + ~ (p -~ '~ -~h l i ' i r ,  

(58) 

S t r e a m  Function (~;,'): 

(#)1- "---; ~ ] - "~ ,g~+ , t~}~ . , . , - '~ -o  
(59) 

Veloc i ty  R e c o v e r y  (u, v): 

"gr'~r'r 

v.-~, '~ g,e,., 
(6o) 

(6z) 

Turbulen t  Kinet ic  Ene rgy  Equation (k): 

o~* ,T*LLTi'J+rEJJ ()',VOL ~x "ii ',T'~'] 'a~ 

+,,x,~..~..r j +,~..~.r,iT.,j + $(,.~.)zJ..i.ES-/,}" I ,v ,or~gvl, z 
I Z/J _ ;,.,,,{ .~k ,, }-k_-o 

(62) 

where  y is m e a s u r e d  f r o m  the wall .  
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T u r b u l e n t  K i n e t i c  E n e r g y  D i s s i p a t i o n  (~): 

, 
- _ _ ~- ~1,.1 l ' ~ r# . -_ ,  l j. t r v e f , / 8 / j t l r l  

( # * ~ / ~ t  - -  * r  ~ - ~ ~ ,  ) 
(63) 

The P r a n d t l - K o l m o g o r o v  eddy  v i s c o s i t y  f o r m u l a  i s  

T h e  c o e f f i c i e n t s  (C 1, C 2, ~c, and  C/~) a r e  g iven  a s  

C l :  1.44 , (~, : 1 . 9 ? . E I - o . S e x p ( - R : ) ]  , ~ '~ :  I,I 

= AIE 3 ( IIO0 + A / O . Z 7 ) ]  

w h e r e  

(64) 

(65) 

The e q u a t i o n s  a r e  l e n g t h y  and c o m p l i c a t e d ,  e s p e c i a l l y ,  when  the  
t r a n s f o r m a t i o n  f a c t o r s  a r e  c a l c u l a t e d  f r o m  Eqs .  (56) and (57). To s i m -  
p l i f y  the  a n a l y s i s ,  E q s .  (58), (59), (62), and ( 6 3 ) c a n  be c a s t  in  a 
s t a n d a r d  f o r m  which  r e t a i n s  the  b a s i c  f e a t u r e s  such  as  the  d i f fus ion ,  
the  c o n v e c t i o n ,  the  p r o d u c t i o n  and  the  d i s s i p a t i o n  of a f low v a r i a b l e .  
The s t a n d a r d  f o r m  d e r i v e d  i s  

w h e r e  ~ r e p r e s e n t s  the f l o w  v a r i a b l e s ,  i . e . ,  ~ ,  ~, k ,  and c. The c o r -  
r e s p o n d i n g  c o e f f i c i e n t s  (a 1, a2,  b 1, b 2, and d) a r e  given  be low f o r  e a c h  
of the  v a r i a b l e s ,  ~ ,  ~ ,  k, a n d e .  
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-equation: 

0 , i :  I 

a= =[t~-J *l,rJ ] 

d =Z %'~'zx~ + ~ +T '~ r '~7" r "  t = 

1 , { ~ =  r ~__E~, ~_.F~ +~ ~.[F~ ~v 
+ <~ + ~t) •,~ ,,r- + ~x ~ -,x',? ] 

+ , r ,  

.~ ~._~, f(. ,'F CF , r , . , , ~  , ,v ,,_E,,v, 
1 , 1 %  

~x=7 "~x'=~7"~r'+=e-~v+'ax'=Tax J 

+ " ~ r ' , - ~ - W -  ( ~ ' + ' ~ " P r " *  J 

¢'- equation: 

at== I 

r . ~ .  = ~..~ ~ 
== = t t~J  +( ,r • ] 

b I =0 

"b,= ~ "~ ~ "Sr 

d = z ~ v  (eF~ a~' a'F "~"£" + rs~ 

(67) 

(68) 

33 



A E DC-T R-76-159 

k-equa t ion :  

O1= I 

I -~- ~]]  {,,+ 
' {  + 

= {er J'~'r {P+ ~ }]{~'7"} 

* [= - (  ~l - , x - ~ T } ] { ~  } ( t ~,,x," ~'~z']i 
.,p.~.T, ~k , { = [  ~= ,~r,~,.= ~v ~' 

~ r ' t r "  ~"~('~"x')~'T ('P-I'"P+'} ('p+~'}l. ~t "~"}k 

e - equation: 

01=  I 

aZ ~ g X "  "gr ! 

-( ~, ~t/8",E -'~ rl ~'r, }* {'~Tr}] } t ,  ~x- 

a = z l~)  g=~ +c, ~ k  {=l.{~,.+r.~=)= 

I 

( 6 9 )  

(7o) 
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5,2 A GENERAL FINITE DIFFERENCE FORMULATION WITH 
DECAY FUNCTIONS 

The pa r t i a l  d i f fe ren t ia l  equation (Eq. (66)) can be wr i t ten  as 

Li, l,d - o  

where  L r e p r e s e n t s  a d i f fe ren t ia l  opera tor .  
a conventional  f ini te  d i f fe rence  fo rm is 

(71) 

Equation (71) wr i t t en  in 

where  Lf  is a f i n i t e -d i f f e r ence  opera tor  and e r e p r e s e n t s  the 
d i f fe rence  

(72) 

(73) 

In the p re sen t  approach (Ref. 30), the f i n i t e -d i f f e r ence  equation is  
wr i t ten  as  

(74) 

where the additional function (G) is named as the "decay function" 
which is used to minimize the truncation error (7). The expression 
for the decay function (G) is derived in Appendix B. 

The present finite difference formulation of the standard Eq. 
(66) is  

GL Z$~ (75) 
J;l~:~"J ! } + dL,j =0  6~'  c,j 

where  the decay funct ions (G i and Gj) a r e  d e t e r m i n e d  f rom 

~,:- ~!.,.~ l,- "~ 2~'-, ~] c ~"':-' 5 ' c',o~ 

35 



AE DC-TR-76-159 

- . l) "I 

(77) 

and the gr id  Reynolds  number s  (R i and Rj) a r e  defined as  

a! ' RJ n- GI (78) 

The decay funct ion is shown in Fig. 8. F o r  the convent iona l  c e n t r a l  
d i f fe rence  scheme ,  the decay funct ions  (G i and Gj) a r e  set  equal to 
unity,  i . e . ,  

. ta,{  4':'i÷~ "t4'''J * ~'i'a sT ~ - (' o., ) b---~z ~ }  + d/.,j 0 
(79) 

T h e w e l l - k n o w n  s tab i l i ty  l i m i t a t i o n  for  Eq. (79) is  (Refs. 31 and 
32): 

(8o) 

which for  the convent iona l  c e n t r a l  d i f fe rence  scheme  s e v e r e l y  l i m i t s  
the gr id  s izes  (6~' and 6~) when the coef f ic ien ts  ( b l / a  1 and b 2 / a  2) a r e  
v e r y  l a rge .  In o r d e r  to obtain  a s table  and convergence  solut ion,  the 
tota l  number  of gr id  mus t  be i n c r e a s e d  when the sma l l  gr id  m e s h e s  
a r e  needed,  which c r e a t e s  compute r  core  s to rage  p r o b l e m s .  The 
s t ab i l i ty  p rob l em is avoided by us ing  the decay  funct ions  given by 
Eqs.  (76) and (77). Equat ion (75) is wr i t t en  as  

S W---i - {'~'D Gi.) c~':+n~':'~'J t 
(81) 

Equat ion (81) is s i m i l a r  to Eq. (79) except  that  the coeff ic ient  
(a 1 is  r ep l aced  by a l / G  i and b l / a  1 is r ep l aced  by ( b l / a l ) G  i, e tc .  
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T h e r e f o r e ,  the s t ab i l i ty  l im i t a t i on  (Eq. (80)) can be wr i t t en  as  

t,, ,;j )sT.< z ( . ~  c,i. ~ z , ( o., (82) 

Afte r  r e - a r r a n g e m e n t ,  Eq. (82) becomes  

z_. L (83) 

which is the upper  bound fo r  G i and G-±shown in Fig. 8. It can be seen  
f r o m  Fig.  8 that  the decay  funct ions  (Gj) given by Eq. (77) ts l ower  
than  the upper  bound of the s t ab i l i ty  l im i t a t i on .  T h e r e f o r e ,  t h e r e  is  
no s t ab i l i t y  l im i t a t i on  on the gr id  s ize  (5~ or  ~ )  with the p r e s e n t  
gene ra l  f in i te  d i f fe rence  fo rmu la t i on  because  Eq. (83) is  a u t o m a t i c a l l y  
sa t i s f i ed  with G i, Gj de t e rmined  f r o m  Eqs.  (76) and (77). The uncon-  
d i t ional  s t ab i l i ty  is ach ieved  because  addi t ional  ana ly t i ca l  i n fo rma t ion  
has  been  i n c o r p o r a t e d  into the de r iva t ion  of decay funct ions  (Gi and 
Gj) (Appendix B). This  c h a r a c t e r i s t i c  of the p r e s e n t  f o r m u l a t i o n  makes  
it poss ib l e  to solve the compl ica ted  equat ions  given by Eqs.  (66) 
through (70) and obtain s table  convergence  so lu t ions .  

The ca lcu la t ion  of the decay funct ions (G i and Gj) can be s imp l i f i ed  
by the fol lowing approx imat ion .  

: i .o - 0 , 6 2 5  ( R )  a , I R I ~  Z 

~. I (84) m 

IRI  ( R )  l • IRI • Z  

for both G i and G-, and R i and IRj. The approximation (Eq. (84)) is 
also shown in Fig J. 8. 

It is a l so  i n t e r e s t i n g  to examine  the high grid Reynolds  number  
l im i t  of the p r e s e n t  fo rmula t ion .  When the gr id  Reynolds  number  is  
l a rge ,  the decay funct ion can be approx ima ted  as  

Gr ~ 2 
IRI  (85) 
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By us ing Eq. (85), the finite d i f fe rence  fo rmula t i on  (Eq. (81)) b e c o m e s  

(86) 
IRjla. 

z I S} "~ "el, I1RjI" 2St ~ j+d/, j  =0 +( 

F o r  Ri, Rj > 0 and by using Eq. (78), Eq. (86) can be wr i t t en  as  

(87) 

Equat ion (87) is the up-wind d i f fe rence  fo rmula t ion  of the high gr id  
Reynolds  number  inviscid equation: 

-{b~fl'~'~ +b=~'~} + d g ~ "  =0 (88) 

which m a y  be der ived  d i r ec t ly  f rom Eq. (66) by neglect ing the v i scous  
t e r m s .  Note that  Eq. (88) is valid outside the boundary  l a y e r  reg ion .  
Thus,  the p r e s e n t  f inite d i f fe rence  fo rmula t ion  app roaches  the con-  
vent ional  cen t ra l  d i f fe rence  s cheme  at low gr id  Reynolds  number  but 
g r adua l ly  changes  into the up-wind d i f fe rence  s c h e m e  as  the local  
gr id  Reynolds number  (Ri, R i) i n c r e a s e s .  This  t r a n s i t i o n  is p rovided  
by the decay  functions (G i anVd Gj), which a r e  d e t e r m i n e d  through the 
use  of loca l  ana ly t ica l  solut ions (Appendix B). 

5.3 NUMERICAL'SOLUTION PROCEDURE 

When the finite d i f fe rence  equation (Eq. (75)) is appl ied a t  each 
gr id  point for  each  flow va r i ab l e ,  a l a r g e  s y s t e m  of a lgeb ra i c  equa-  
t ions is fo rmed .  The s y s t e m  of equat ions and the co r r e spond ing  
boundary  conditions a r e  solved in the p r e s e n t  ana lys i s  by a s t a n d a r d  
Gauss -Se ide l  po in t - i t e ra t ion  s cheme  (Refs .  33 and 34). This approach  
has  s e v e r a l  advan tages ,  namely ,  (1) a r e l a t i v e l y  s m a l l  amount  of 
compu te r  s t o r a g e  is r e q u i r e d  (one locat ion for  each va r i ab l e ) ,  (2) the 
p r o g r a m  is eas i ly  wr i t t en ,  and (3) unde r -  or  o v e r - r e l a x a t i o n s  can be 
ea s i l y  i nco rpora t ed  so that  the r a t e  of convergence  can be opt imized .  
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The g e n e r a l  s o lu t i on  p r o c e d u r e  i s  shown in F i g .  9. The i t e r a t i o n  p r o -  
c e d u r e  b e g i n s  wi th  an  i n i t i a l  g u e s s  of the  f low f i e ld  wh ich  can  be ob ta ined  
b y  a s s u m i n g  tha t  the  f low p r o f i l e s  a r e  s i m i l a r  to the  in l e t  p r o f i l e s .  The 
i n l e t  p r o f i l e s  m u s t  be s p e c i f i e d ,  a s  we l l  a s  the  wa l l  g e o m e t r y  and 
b o u n d a r y  cond i t i ons .  The f l o w - f i e l d  v a r i a b l e s  and b o u n d a r y  v a l u e s  a r e  
u p d a t e d  p o i n t - b y - p o i n t  f r o m  i t e r a t i o n  to i t e r a t i o n  un t i l  c o n v e r g e n c e  i s  
r e a c h e d .  

6.0 RESULTS AND DISCUSSION 

In t h i s  s e c t i o n ,  the t e c h n i q u e s  which  have  b e e n  deve loped  a r e  
app l i ed  to the  c o m p u t a t i o n  of t u r b u l e n t  i n t e r n a l  f lows .  A s e r i e s  of 
c o m p u t a t i o n s  i s  d i s c u s s e d  in the  o r d e r  of i n c r e a s i n g  c o m p l e x i t y .  
F i r s t ,  s o l u t i o n s  fo r  p l a n a r  d i f f u s e r  f lows ,  wi th  c o n s t a n t  eddy  v i s c o s -  
i ty ,  a r e  d e s c r i b e d .  The  so lu t i on  of a c o n i c a l  d i f f u s e r  f low, wi th  
a l g e b r a i c  eddy  v i s c o s i t y  m o d e l s  and a wa l l  m a t c h i n g  p r o c e d u r e ,  i s  
t h e n  p r e s e n t e d .  B e c a u s e  of l i m i t a t i o n s  in  the  a l g e b r a i c  eddy  v i s c o s i t y  
m o d e l s ,  s o l u t i o n s  ob ta ined  wi th  the  t w o - e q u a t i o n  t u r b u l e n c e  m o d e l  and 
the  wa l l  m a t c h i n g  p r o c e d u r e  a r e  then  p r e s e n t e d .  F i n a l l y ,  the  two-  
e q u a t i o n  t u r b u l e n c e  m o d e l ,  a long  wi th  the n u m e r i c a l  t e c h n i q u e  fo r  
c o m p u t i n g  the  wa l l  r e g i o n ,  i s  app l i ed  to p l a n a r  c h a n n e l  and p l a n a r  
d i f f u s e r  f lows .  

6.1 SOLUTION FOR A PLANAR DIFFUSER FLOW WITH A 
CONSTANT EDDY VISCOSITY 

The f o r m u l a t i o n  p r e s e n t e d  in the  p r e v i o u s  s e c t i o n s  w a s  a p p l i e d  
to the  c a l c u l a t i o n  of f low in the  p l a n a r  d i f f u s e r  shown  in F ig .  10. 
The  c o m p l e t e  f in i t e  d i f f e r e n c e  f o r m u l a t i o n  wi th  a c o n s t a n t  eddy  v i s -  
c o s i t y  i s  g iven  in Append ix  C. The  ex i t  to i n l e t  a r e a  r a t i o  is  two,  
and the d i f f u s e r  h a l f - a n g l e  i s  26 .5  deg.  The n o n u n i f o r m  i n l e t  v e l o c -  
i t y  is  r e p r e s e n t e d  b y  a p a r a b o l i c  p r o f i l e  fo r  a f u l l y  deve loped  c h a n n e l  
f low. The  i n l e t  s t a t i o n  i s  p l a c e d  one i n l e t  c h a n n e l  wid th  a h e a d  of the  
d i v e r g i n g  s e c t i o n  so  tha t  the  u p s t r e a m  i n f l u e n c e  of the  d i v e r g i n g  s e c -  
t i on  on the  i n l e t  p r o f i l e s  i s  n e g l i g i b l e .  A l o n g  ex i t  s e c t i o n  (8 i n l e t  
c h a n n e l  he igh t s )  i s  u s e d  in the  c a l c u l a t i o n  to p r o v i d e  enough d i s t a n c e  
f o r  the  f low to r e a c h  a p a r a l l e l  f low cond i t ion ,  i.  e . ,  a / a  x = 0. The  
ex i t  s e c t i o n ,  a l though  not  a l w a y s  e x i s t i n g  in d i f f u s e r  a p p l i c a t i o n s ,  i s  
c o n v e n i e n t  fo r  c o m p u t a t i o n a l  p u r p o s e s  b e c a u s e  a p a r a l l e l  f low bound-  
a r y  cond i t ion  can  be e a s i l y  i n c o r p o r a t e d  in the  p r o g r a m .  
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Six c a s e s  w e r e  c a l c u l a t e d  wh ich  c o r r e s p o n d  to the R e y n o l d s  n u m -  
b e r s ,  b a s e d  on the  in le t  c e n t e r l i n e  v e l o c i t y  (Uc), the  channe l  wid th  
(h), a n d ( v  ÷ v  t) of 6, 60, 120, 600, and 3 ,000 .  The  v a r i a t i o n  of the  
R e y n o l d s  n u m b e r  was  e a s i l y  a c h i e v e d  by chang ing  the  va lue  of the  
eddy  v i s c o s i t y .  The  so lu t i ons  a r e  a l so  a p p l i c a b l e  to l a m i n a r  f lows  if 
(v + v t) is  t a k e n  to be  v. 

The calculated centerline velocity distribution (normalized by the 
the average inlet velocity (U) is shown in Fig. 11. At low Reynolds 
number, the centerline velocity remains at a constant value of i. 5 in 
the inlet section except in the region near the diverging section. The 
velocity begins to decrease in this region before the flow enters the 
diverging section. The upstream effect is related to the elliptic 
nature of the flow. The disturbance created by the turning of the 
flow in the diverging section propagates upstream to cause the flow to 
slow down. The magnitude of the "upstream effect" decreases as the 
Reynolds number increases. At a Reynolds number of 3,000, the 
centerline velocity varies only slightly from the inlet to the exit. The 
physical mechanism of the changing behavior of the flow in the diverg- 
ing section as a function of Reynolds number can be understood more 
easily by examining the velocity profiles and streamline patterns 
given in Figs. 12. At low Reynolds number, the streamline follows 
the wall smoothly (Fig. 12a). At Re = 60, the flow separates from 
the wall at x/h ~ 1.5. In the separated flow region, the reverse flow 
velocity is very low (Fig. 12b). The point of separation moves up- 
stream toward the inlet corner of the diffuser as the Reynolds number 
increases (Fig. 12c). It is interesting to note that, once the separation 
point moves to the upstream corner, the central flow becomes jet-like. 

The centerline and the wall static pressure distributions are 
shown in Figs. 13 and 14, respectively. Direct comparison of the 
two sets of data shows very little vertical pressure gradient. The 
linear pressure drop in the constant area inlet section corresponds 
to fully developed channel flow (Ref. 35). Since the flow near the wall, 
in general, turns more than the flow near the centerline, the pressure 
distribution across the diffuser shows a larger nonuniformity at the 
inlet corner section than at any other section. At low Reynolds num- 
ber, the pressure rises sharply in the diverging section, but the 
rise tends to diminish as the Reynolds number increases. For the 
jet flow cases, Re = 3,000 for example, the pressure remains con- 
stant which is typical of completely "stalled" diffuser flows. 

To i n v e s t i g a t e  the  qual i ty  and a c c u r a c y  of the p r e s e n t  n u m e r i c a l  
f o r m u l a t i o n ,  a c o n v e n t i o n a l  upwind d i f f e r e n c e  f o r m u l a t i o n  was  a l s o  

40 



AE DC-T R-76-159 

e m p l o y e d  in the  so lu t i on  of the  p l a n a r  d i f f u s e r  p r o b l e m .  The  s ix  t e s t  
c a s e s  w e r e  c a l c u l a t e d  by  u s i n g  the  upwind  d i f f e r e n c e  s c h e m e  to 400 
i t e r a t i o n s .  The f ina l  r e s i d u e  r a t i o  is  we l l  b e l o w  1 x 10 -7. The  s ix  
c a s e s  w e r e  r e - c a l c u l a t e d  by  u s i n g  the upwind s c h e m e  fo r  the  200 
i t e r a t i o n s ,  f o l l owed  by the  p r e s e n t  f o r m u l a t i o n s  to 400 i t e r a t i o n s .  
A typ i ca l  c e n t e r l i n e  v e l o c i t y  d i s t r i b u t i o n  is  shown in F ig .  15. The 
upwind  d i f f e r e n c e  s c h e m e  p r e d i c t s  a f a s t e r  v e l o c i t y  d e c a y  than  the  
p r e s e n t  m e t h o d .  Typ ica l  b e h a v i o r  of the two so lu t ion  t e c h n i q u e s  is  
i n d i c a t e d  in Fig .  16 by the  h i s t o r y  of the  c e n t e r l i n e  v e l o c i t y  c o n v e r -  
g e n c e  at x / h  = 2 .0 .  The  d i f f e r e n c e  b e t w e e n  the  two so lu t i ons  b e c o m e s  
m o s t  p r o n o u n c e d  at Re = 120. As  would  be expec t ed ,  the  d i f f e r e n c e  
g r a d u a l l y  d i m i n i s h e s  wi th  i n c r e a s i n g  R e y n o l d s  n u m b e r .  At low 
R e y n o l d s  n u m b e r s ,  i . e . ,  Re -~ 0, the  d i f f e r e n c e  b e t w e e n  the  two 
s c h e m e s  a l s o  a p p r o a c h e s  z e r o  b e c a u s e  the  c o n t r i b u t i o n  f r o m  the  con -  
v e c t i o n  t e r m s  v a n i s h e s  and the  f low is c o m p l e t e l y  c o n t r o l l e d  by the  
d i f fus ion  m e c h a n i s m .  

The c o n v e r g e n c e  should  be  c o n s i d e r e d  in the  e v a l u a t i o n  of any  
i t e r a t i o n  p r o c e s s .  The v e l o c i t y  r e s i d u e  r a t i o  (AU/U)  is shown in 
F ig .  17 in t e r m s  of the i t e r a t i o n  n u m b e r .  The upwind  s c h e m e  was  
u s e d  fo r  the  f i r s t  200 i t e r a t i o n s .  The r e s i d u e  r a t i o  r e a c h e d  a va lue  
be low 1 x 10 .6 in 150 i t e r a t i o n s .  The change  in n u m e r i c a l  m e t h o d  to 
the p r e s e n t  s c h e m e  wi th  d e c a y  func t ions  at the  200th i t e r a t i o n  c a u s e s  
the  r e s i d u e  r a t i o  to r i s e .  But  i t  d e c r e a s e s  r a p i d l y  w i th in  the  nex t  100 
i t e r a t i o n s .  The so lu t i on  ob ta ined  at the  end of 400 i t e r a t i o n s  is  e s s e n -  
t i a l l y  the c o n v e r g e d  so lu t ion .  Once  the  ~2-~ s o l u t i o n  is  ob ta ined ,  the  
p r e s s u r e  equa t ion  (Eq. (13)) is s o l v e d  i t e r a t i v e l y .  The  r a t e  o f  c o n -  
v e r g e n c e  of the  c e n t e r l i n e  p r e s s u r e  at x / h  = 2 is  shown in F ig .  18. 
One p o s s i b l e  exp lana t ion  fo r  the  s low r a t e  of c o n v e r g e n c e  c o m p a r e d  
to tha t  shown in F ig .  17 is  that  the  b o u n d a r y  cond i t i on  fo r  the  p r e s s u r e  
equa t ion  is  of the  g r a d i e n t  type which  u s u a l l y  r e q u i r e s  m a n y  i t e r a t i o n s  
f o r  c o n v e r g e n c e .  

6.2 NUMERICAL SOLUTION OF A CONICAL DIFFUSER 

The c a l c u l a t i o n s  m a d e  wi th  a c o n s t a n t  v i s c o s i t y  m o d e l  have  b e e n  
u se fu l  to def ine  the  n a t u r e  of the  f l o w - f i e l d  so lu t i ons  and to ga in  
e x p e r i e n c e  wi th  the  n u m e r i c a l  me thod .  H o w e v e r ,  r e a l  t u r b u l e n t  
d i f f u s e r  f lows a r e  p o o r l y  d e s c r i b e d  by a c o n s t a n t  eddy  v i s c o s i t y ;  in 
a r e a l  f low, the  eddy  v i s c o s i t y  v a n i s h e s  as the  wal l  is  a p p r o a c h e d .  
In th i s  s e c t i o n ,  a l g e b r a i c  m o d e l s  a r e  u s e d  in the  c a l c u l a t i o n  of the  
s e p a r a t e d  flow in a 2 3 - d e g  con ica l  d i f fu se r .  Two eddy  v i s c o s i t y  

41 



AE DC-TR-76-1 59 

m o d e l s  a r e  u sed ,  n a m e l y  the P r a n d t l ' s  m i x i n g  l e n g t h  m o d e l  and a 
" c o n v e c t i v e "  mode l .  The  r e g i o n  v e r y  c l o s e  to the  d i f f u s e r  wa l l  i s  
a n a l y z e d  b y  the  u s e  of the  l aw of the  wal l ;  t h e r e f o r e ,  the  b o u n d a r y  
cond i t i on  fo r  the  n u m e r i c a l  s o lu t i on  of the  r e m a i n d e r  of the  f low f i e ld  
i s  an  e f f ec t i ve  s l i p  v e l o c i t y  d i s t r i b u t i o n  a long  the wal l .  The  s l ip  
v e l o c i t y  i s  r e l a t e d  to the  l o c a l  sk in  f r i c t i o n  c o e f f i c i e n t  by  the  l a w  of 
the  wa l l ,  so  one can  a s s u m e  e i t h e r  a sk in  f r i c t i o n  c o e f f i c i e n t  d i s t r i b u -  
t ion  o r  a s l i p  v e l o c i t y  d i s t r i b u t i o n .  

The  g e o m e t r y  of the  d i f f u s e r  and the  c o m p u t a t i o n a l  g r i d  a r e  
s h o w n  in  F i g .  19. A n o n u n i f o r m  g r i d  s y s t e m  i s  u s e d  to p r o v i d e  
adequa t e  f low de f in i t i on  n e a r  the wal l .  The  n u m e r i c a l  f o r m u l a t i o n  
fo r  a n o n u n i f o r m  g r i d  s y s t e m  does  not  pose  any  s e r i o u s  d i f f i c u l t i e s ,  
excep t  tha t  s i m p l e  a p p r o x i m a t i o n s  fo r  the  d e c a y  f u n c t i o n s ,  s u c h  a s  
g iven  by  Eq.  (84), a r e  not r e a d i l y  a v a i l a b l e .  T h e r e f o r e ,  the  d e c a y  
func t ions  m u s t  be  e v a l u a t e d  a t  e v e r y  g r i d  point  w i th  e x p o n e n t i a l  
f u n c t i o n s .  The  d e r i v a t i o n  of the  d e c a y  f u n c t i o n s  fo r  a n o n u n i f o r m  
g r i d  s y s t e m  i s  g iven  in Append ix  B. 

The  m i x i n g  l eng th  m o d e l  u s e d  in the  p r e s e n t  a n a l y s i s  i s  

21 

w h e r e  ~ -- 0 . 4  y in  the  r e g i o n  n e a r  the  wa l l  and ~ = 0 .09  5 fo r  the  
r e m a i n d e r  of the  flow. The  t h i c k n e s s  (6) is  an  a s s u m e d  func t ion  of 
x. The  wal l  s l i p  v e l o c i t y  was  s p e c i f i e d  so  t ha t  s e p a r a t i o n  was  f ixed  
at  x / D  [] 0. 619. P r e d i c t e d  wa l l  and c e n t e r l i n e  p r e s s u r e  d i s t r i b u t i o n s  
a r e  shown in F ig .  20. The  wa l l  p r e s s u r e  d rop  in the  d i f f u s e r  i n l e t  
s e c t i o n  i s  r e a l i s t i c ,  but  the  p r e s s u r e  d i s t r i b u t i o n  d o w n s t r e a m  of 
s e p a r a t i o n  i s  u n r e a l i s t i c  in tha t  the  wa l l  p r e s s u r e  r e a c h e s  a m a x i -  
m u m  and then  d e c r e a s e s .  T h i s  u n r e a l i s t i c  b e h a v i o r  of the  p r e s s u r e  
d i s t r i b u t i o n  is  a t t r i b u t e d  to the  eddy  v i s c o s i t y  mode l .  The  m i x i n g  
l eng th  m o d e l ,  wi th  a r a t h e r  conven t iona l  s p e c i f i c a t i o n  of the  l e n g t h  
s c a l e  d i s t r i b u t i o n ,  cannot  p r o v i d e  an  adequa t e  so lu t i on  f o r  the  f low 
d o w n s t r e a m  of s e p a r a t i o n .  

M o r e  r e a s o n a b l e  f l o w - f i e l d  s o l u t i o n s  can  be ob ta ined  by  s p e c i f y -  
ing  a " c o n v e c t i v e "  m o d e l ,  which  a p p r o x i m a t e l y  i n c l u d e s  the  t e n d e n c y  
of the  v i s c o s i t y  to be c o n v e c t e d  a long  s t r e a m l i n e s  (F ig .  21). W a l l  and  
c e n t e r l i n e  p r e s s u r e  d i s t r i b u t i o n s  compu ted  wi th  the  c o n v e c t i v e  eddy  
v i s c o s i t y  mode l  a r e  shown in F ig .  22; the  u n r e a l i s t i c  peak  in the 
p r e s s u r e  d i s t r i b u t i o n s  has  b e e n  e l i m i n a t e d .  The  p r e d i c t e d  d i s t r i b u -  
t ion  of the  a x i a l  c o m p o n e n t  of v e l o c i t y  i s  c o m p a r e d  wi th  e x p e r i m e n t  
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(Ref. 36) in Fig .  23. A c o m p a r i s o n  of the p r e d i c t e d  and e x p e r i m e n t a l  
wall  p r e s s u r e  d i s t r ibu t ions  is  shown in Fig.  24, a long with the a s s u m e d  
d i s t r i bu t i on  of the wall  s l ip  ve loc i ty .  The e x p e r i m e n t a l  r e s u l t s  a r e  
r e a s o n a b l y  wel l  p red ic t ed .  

In the r e s u l t s  which have been d i s c u s s e d ,  the wal l  s l ip  ve loc i ty  
d i s t r ibu t ion  was held constant .  The f e a s i b i l i t y  of r e l a x i n g  the s l ip  
ve loc i t y  d i s t r ibu t ion  as  the f low-f ie ld  so lu t ion  is  r e l a x e d  was i n v e s t i -  
gated.  A smooth  converged  wal l  s l ip  ve loc i ty  d i s t r ibu t ion  can indeed 
be obtained as  long as the s e p a r a t i o n  point i s  spec i f ied .  And, in 
p r inc ip l e ,  one can i t e r a t e  on the loca t ion  of the s e p a r a t i o n  point .  But  
in p r a c t i c e ,  the l o g a r i t h m i c  wal l  r eg ion  p ro f i l e  b e c o m e s  s i ngu l a r  at  
the s e p a r a t i o n  point.  P e r h a p s  ano ther  wal l  r eg ion  prof i l e ,  such as  a 
power  law,  could be used  in the v i c in i t y  of s epa ra t i on .  But the va l i d i t y  
of any a s s u m e d  p ro f i l e  in the v ic in i ty  of s e p a r a t i o n  is  ques t ionable .  
C l e a r l y ,  an adequate  solut ion r e q u i r e s  tha t  the equat ions  of mot ion  for  
the wal l  sub l aye r  be solved a long with the solu t ion  of the r e m a i n d e r  of 
the flow f ield.  A comple te  n u m e r i c a l  solut ion r e q u i r e s  a low Reynolds  
n u m b e r  tu rbu lence  model  and coord ina te  s t r e t c h i n g  in the s u b l a y e r .  

The r e s u l t s  p r e s e n t e d  in th i s  sec t ion ,  a l though not p r e d i c t i o n s  in 
the t rue  s ense  of the word ,  show tha t  a c c u r a t e  f low-f ie ld  so lu t ions  
can be obta ined if r e a s o n a b l e  eddy v i s c o s i t y  and wal l  s l ip  ve loc i ty  
d i s t r i bu t ions  a r e  a s s u m e d .  But adequate  p r e d i c t i o n s  of the en t i r e  
flow f ie ld  r e q u i r e s  a tu rbu lence  model  which t akes  into c o n s i d e r a t i o n  
that  the tu rbu lence  is  convected by the mean  flow f ie ld .  

6.3 NUMERICAL SOLUTION WITH A HIGH REYNOLDS NUMBER 
TWO-EQUATION k-e MODEL AND A WALL MATCHING PROCEDURE 

In th i s  sec t ion ,  the two-equa t ion  k-~ model  is used  fo r  the flow 
outs ide the wall  s u b l a y e r ,  while the wall  s l ip  ve loc i ty  bounda ry  con-  
di t ion is r e t a ined .  The purpose  of th is  s tudy was to va l ida te  the 
k-c  model  for  the high Reynolds  number  por t ion  of the  flow. 

~3.1 Numerical Solution for a Fully Developed Channel Flow 
with a Wall Matching Procedure 

The de ta i led  n u m e r i c a l  f o rmu la t i on  for  the channel  flow is given 
in Appendix D. It is commonly  known that  a r eg ion  d e s c r i b e d  by the 
law of the wall  ex i s t s  in a tu rbu len t  boundary  l a y e r  when the Reyno lds  
number  is high. The ve loc i ty  p rof i l e  is d e s c r i b e d  by the s imp le  
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l o g a r i t h m i c  l aw (Eq.  (26)). The  e x i s t e n c e  of the  " l a w  of the  wa l l  
r e g i o n "  p r o v i d e s  a b i r d g e  b e t w e e n  the  s u b l a y e r  and the n u m e r i c a l l y  
c a l c u l a t e d  c o r e  r e g i o n .  The  b a s i c  c r i t e r i o n  wh ich  a l l o w s  the  u s e  of 
Eq.  (26) in  the  c o m m o n l y  va l i d  r e g i o n  i s  tha t  both the v e l o c i t y  (u) 
and  the  f r i c t i o n  v e l o c i t y  (v:~) m u s t  be con t inuous  at  the  m a t c h i n g  
l o c a t i o n  (yo). S ince  Eq. (26) con t a i n s  two unknowns  (u and v*), one 
of t h e m ,  v;~ in  t h i s  c a s e ,  m u s t  be  d e t e r m i n e d  i t e r a t i v e l y  so t h a t  
con t inuous  so lu t i on  can be ob ta ined .  The  d e t e r m i n a t i o n  of v'~ r e -  
q u i r e s  the  add i t i ona l  a s s u m p t i o n  t ha t  the  s h e a r  s t r e s s  i s  c o n s t a n t  
f r o m  the wa l l  to the  m a t c h i n g  l o c a t i o n .  The  v a l i d i t y  of th i s  a s s u m p -  
t ion  and i t s  e f fec t  on the  a c c u r a c y  wi l l  be  d i s c u s s e d  be low.  

T h e r e  a r e  two m e t h o d s  fo r  d e t e r m i n i n g  the  f r i c t i o n  ve loc i t y ;  
the d i r e c t  and the i n d i r e c t :  

In the  d i r e c t  s h e a r  s t r e s s  d e t e r m i n a t i o n ,  the  f r i c t i o n  v e l o c i t y  
v* is  c a l c u l a t e d  f r o m  

(90) 

at the matching location (yo). The velocity ~radient (a u/a y) and the 
eddy viscosity are determined numerically from the core region 
solution. This simple and straightforward method, unfortunately, 
does not provide accurate determination of the friction velocity be- 
cause both the eddy viscosity (v t ) and the velocity gradient must be 
determined iteratively. As a result, the value of the friction veloc- 
ity (v ":¢) fluctuates from iteration to iteration. Hence, the velocity 
determined from Eq. (26) does not give a smooth convergent value. 
The other factor which affects the accuracy of the numerically deter- 
mined velocity gradient (au/ay) is the grid size. Coarse grid sizes 
can have a significant effect on the numerical value of a u/a y be- 
cause large velocity gradients normally exist in the matching region. 
Thus, it is better to replace the direct method with the indirect 
method. 

In the  i n d i r e c t  f r i c t i o n  v e l o c i t y  c a l c u l a t i o n ,  the  m e t h o d  u s e s  two 
g r i d  po in t s  in the  m a t c h i n g  r e g i o n  to d e t e r m i n e  the c o r r e c t  m a t c h -  
ing  cond i t i on  for  u and  v'~. F i r s t ,  Eq.  (26) i s  app l i ed  to a po in t  a t  
(Yo + 6y) to d e t e r m i n e  v* i t e r a t i v e l y  as  

h 

{ }, 
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w h e r e  n is  the  i t e r a t i o n  n u m b e r .  With v ;:~ d e t e r m i n e d ,  the  c o r r e c t  v e l o c -  
i ty  at  the  m a t c h i n g  l o c a t i o n  is  c a l c u l a t e d  f r o m  

u o . ( 9 2 )  

This  m e t h o d  does  not  r e q u i r e  the  eva lua t ion  of the  eddy  v i s c o s i t y  (v t) 
no r  the v e l o c i t y  g r a d i e n t  and thus  e l i m i n a t e s  the  u n n e c e s s a r y  f l u c t u a -  
t ion  in d e t e r m i n i n g  v:~ and u o. The  m e t h o d  has  b e e n  s u c c e s s f u l l y  
e m p l o y e d  to obta in  c o n v e r g e n t  so lu t ions  for  the channe l  f low and the  
8 - d e g  con ica l  d i f f u s e r  f low d e s c r i b e d  in Sec t ion  6 . 3 . 2 .  

In add i t ion  to the b o u n d a r y  cond i t ions  for  u o and v::', one n e e d s  
to have  b o u n d a r y  va lue s  fo r  the t u r b u l e n t  k i n e t i c  e n e r g y  and i t s  
d i s s i p a t i on .  To d e t e r m i n e  the  t u r b u l e n t  k ine t i c  e n e r g y  (k) at  the  
m a t c h i n g  l oca t i on ,  i t  is u s u a l l y  a s s u m e d  that  the  p r o d u c t i o n  of the  
t u r b u l e n t  k ine t i c  e n e r g y  is b a l a n c e d  with the d i s s i p a t i o n ,  i . e . ,  

L 

~u. ]'= ~" (~'~'-. = ~,. (93) 

By us ing  Eq. (93) and the P r a n d t l - K o l m o g o r o v  eddy  v i s c o s i t y  f o r m u l a  
(Eq.  (23)), one ob ta ins  

= = (94) 

S i m i l a r l y ,  by c o m b i n i n g  Eq. (93), the law of the  wal l  (Eq.  (26)), and 
the  de f in i t ion  of the s h e a r  s t r e s s  (T), one can  d e t e r m i n e  t o as  

{ ~u ., ~.~._) at( l~.=(2 ~'tr '*) = z s zr *s (95) 

The n u m e r i c a l  so lu t ion  fo r  a fu l ly  d e v e l o p e d  channe l  f low was  
ob ta ined  wi th  a s t a n d a r d  G a u s s - S e i d e l  i t e r a t i o n  p r o c e d u r e .  At  the  
end of each  i t e r a t i o n ,  the b o u n d a r y  cond i t ion  at the m a t c h i n g  l o c a -  
t ion  is upda ted  by u s ing  Eqs .  (91), (92), (94), and (95). The  in i t i a l  
g u e s s  is p r o v i d e d  by the l o g a r i t h m i c  law of the wal l .  The  in i t i a l  
v i s c o s i t y  is c a l c u l a t e d  f r o m  the  P r a n d t l ' s  m i x i n g  l eng th  t h e o r y  
( E q .  (16)). The d i s t r i b u t i o n  of the  m i x i n g  l eng th  is  ob ta ined  f r o m  

t..J__ = o,14_ o,oS ( l _ o , _ ~ ) = . . o , o ( , ~ , _  r. )4 
(o,~k~ o,s-h ( 9 6 )  
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which  is  the  N i k u r a d s e ' s  f o r m u l a  fo r  p ipe  flow. The  in i t i a l  t u r b u l e n t  
k i n e t i c  e n e r g y  and i t s  d i s s i p a t i o n  a r e  c a l c u l a t e d  f r o m  

= 
(97) 

and 

The computation was carr ied out with 51 grid points, 

(98) 

In the  i t e r a t i o n  p r o c e d u r e ,  the eddy  v i s c o s i t y  was  he ld  c o n s t a n t  
fo r  t he  f i r s t  700 i t e r a t i o n s  so tha t  the  d i s t r i b u t i o n s  of the  t u r b u l e n t  
k i n e t i c  e n e r g y  and i ts  d i s s i p a t i o n  can  be b rough t  to a c o n v e r g e n t  
s t a t e .  The  P r a n d t l - K o l m o g o r o v  eddy  v i s c o s i t y  m o d e l  is  u s e d  t h e r e -  
a f t e r  wi th  an u n d e r - r e l a x a t i o n  f a c t o r  (W) of 0 . 1 ,  i. e . ,  

~ ('n~.l) k z (n+J) (99) 

The c o n v e r g e n c e  of the  v o r t i c i t y  at the  m a t c h i n g  l o c a t i o n  is  shown  
in Fig .  25 fo r  a R e y n o l d s  n u m b e r  of 30 ,533 b a s e d  on the  c e n t e r l i n e  
v e l o c i t y  (U c) and  the  half  channe l  width  (h). The so lu t i on  p r o c e e d e d  
t h r o u g h  1 ,200 i t e r a t i o n s .  The  f a i r l y  c o n s t a n t  va lue  of the  v o r t i c i t y  
i n d i c a t e s  tha t  the s o l u t i o n  has  r e a c h e d  a s t e a d y  va lue .  The c a l c u l a t e d  
v e l o c i t y  p r o f i l e  is  shown in  F ig .  26. A g r e e m e n t  wi th  L a u f e r ' s  ex -  
p e r i m e n t a l  da ta  (Ref.  37) at  Re = 30 ,800  is  e x c e l l e n t .  The  m a t c h -  
ing l o c a t i o n  s p e c i f i e d  in the  c a l c u l a t i o n  was  Yo = 0 .06 .  The  c a l c u l a t e d  
~ l o c i t y  p r o f i l e  n e a r  the  wal l  fo l lows  c l o s e l y  the  l aw of the  wal l .  A 
s m a l l  d e v i a t i o n  f r o m  the  law of the  wal l  p r o f i l e  o c c u r s  n e a r  the  c e n -  
t e r l i n e  so  tha t  the  s y m m e t r y  cond i t ion  can be  s a t i s f i e d .  The  l o g -  
a r i t h m i c  law of the  wal l  does  no t  s a t i s f y  the  s y m m e t r y  cond i t ion .  

The  c a l c u l a t e d  t u r b u l e n t  k i n e t i c  e n e r g y  d i s t r i b u t i o n  a c r o s s  the  
c h a n n e l  is  shown in F ig .  27. The  m a x i m u m  TKE o c c u r s  at the  m a t c h -  
ing l o c a t i o n  w h e r e  the  p r o f i l e  c l o s e l y  fo l lows  the  e x p e r i m e n t a l  da ta  by  
C l a r k  (Ref.  38). The  p r e s e n t  so lu t ion  s l i g h t l y  o v e r p r e d i c t e d  the  t u r -  
bu l en t  k i n e t i c  e n e r g y  n e a r  the  c e n t e r l i n e .  In g e n e r a l ,  h o w e v e r ,  the  
a g r e e m e n t  is  good. 

The c a l c u l a t e d  s h e a r  s t r e s s  d i s t r i b u t i o n  i s  g iven  in F ig .  28. 
The  p r o f i l e  is  f a i r l y  l i n e a r  as  i t  shou ld  be  fo r  a fu l ly  d e v e l o p e d  
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ch an n e l  f low. F o r  a l i n e a r  s h e a r  s t r e s s  d i s t r i b u t i o n ,  the  s h e a r  
s t r e s s  a t  the  m a t c h i n g  l o c a t i o n  i s  a lways  l o w e r  than  tha t  at  the  wal l .  
The  d i f f e r e n c e  can  be  m i n i m i z e d  by m a k i n g  the l o c a t i o n  c l o s e r  to the  
wal l .  In g e n e r a l ,  t h i s  can  be  a c h i e v e d  on ly  by i n c r e a s i n g  the  R e y n o l d s  
n u m b e r  of the  f low s i n c e  the  m a t c h i n g  l o c a t i o n  m u s t  be o u t s i d e  the  
s u b l a y e r  in o r d e r  to u s e  the  l aw of the  wal l .  

6.3.2 Numerical Solution of an 8-deg Conical Diffuser Flow 
with a Fully Developed Inlet Velocity Profile 

One of the  few e x p e r i m e n t a l  i n v e s t i g a t i o n s  of d i f f u s e r  f low f i e ld  
is r e p o r t e d  by Okwoubi  and  Azad  (Ref.  39). V e l o c i t y  d i s t r i b u t i o n s  
w e r e  ob ta ined  at v a r i o u s  s t a t i ons  in an 8 - d e g  con ica l  d i f f u s e r .  The  
in l e t  cond i t i on  of the  e x p e r i m e n t  is a w e l l - d e f i n e d  fu l ly  d e v e l o p e d  
pipe  f low p r o f i l e ,  wh ich  can  be  e a s i l y  r e p r e s e n t e d  by the  p r e s e n t  
n u m e r i c a l  p r o c e d u r e .  In the  p r e s e n t  n u m e r i c a l  c a l cu l a t i on ,  the  
in le t  p r o f i l e  is  s p e c i f i e d  t h r o u g h  the  u s e  of the  Van  D r i e s t  f o r m u l a .  
The  in l e t  cond i t ion  was a l l owed  to r e l a x  to the  s e l f - c o n s i s t e n t  fu l ly  
d e v e l o p e d  p ipe  f low p r o f i l e  in the  i t e r a t i o n  p r o c e s s .  A c o o r d i n a t e  
t r a n s f o r m a t i o n  is n e c e s s a r y  to m a p  the  d i v e r g i n g  s e c t i o n  and t he  t a i l  
s e c t i o n  in to  a c o n s t a n t  d i a m e t e r  pipe.  The c a l c u l a t i o n  is  t h e n  p e r -  
f o r m e d  in the  t r a n s f o r m e d  p lane .  The  d e t a i l e d  n u m e r i c a l  f o r m u l a t i o n  
of the  g o v e r n i n g  equa t i ons  i s  g iven  in Append ix  E. The  d i f f u s e r  
g e o m e t r y  is  shown  in F ig .  29. 

The  c a l c u l a t e d  v e l o c i t y  f i e ld  in the  8 - d e g  con ica l  d i f f u s e r  is  
shown in F ig .  30. The d e v e l o p m e n t  of the  v e l o c i t y  p r o f i l e  f r o m  tha t  
of a fu l ly  d e v e l o p e d  channe l  f low into a f r e e  s h e a r  p r o f i l e  is  c l e a r l y  
d e m o n s t r a t e d  in the  f i gu re .  The  change  in the  t u r b u l e n t  f low 
b e h a v i o r  can  a l s o  be  s e e n  in F ig .  31 in t e r m s  of the  t u r b u l e n t  
k i n e t i c  e n e r g y  d i s t r i b u t i o n s  at  the  i n l e t  and a f a r  d o w n s t r e a m  s t a t ion .  
At  the  i n l e t  s t a t i on ,  the  TKE has  a m a x i m u m  va lue  a t  the  c o r e -  
s u b l a y e r  m a t c h i n g  l o c a t i o n  n e a r  the  wal l  and m o n o t o n i c a l l y  d e c r e a s e s  
to the  c e n t e r l i n e .  On the  o t h e r  hand,  the  m a x i m u m  TKE a p p e a r s  in 
the  m i d d l e  of the  d i f f u s e r  at  a f a r  d o w n s t r e a m  s t a t i on  w h i c h  is  t y p i c a l  
of r e s u l t s  a s s o c i a t e d  wi th  a f r e e  s h e a r  p r o f i l e .  In F ig .  32, the  
t u r b u l e n t  s h e a r  s t r e s s  d i s t r i b u t i o n  i s  a l s o  g iven  at the  two s t a t i o n s .  
The  l i n e a r  s h e a r  s t r e s s  d i s t r i b u t i o n  at the  in l e t  g r a d u a l l y  c h a n g e s  
in to  a s ine  func t ion  p r o f i l e  of a f r e e  s h e a r  l a y e r  at  a f a r  d o w n s t r e a m  
s t a t ion .  The  l o c a t i o n  of the  m a x i m u m  s h e a r  s t r e s s  in the  d i f f u s e r  
d i v e r g i n g  s e c t i o n  i s  shown  in F ig .  33. The  p r e d i c t e d  p o s i t i o n  of 
m a x i m u m  s h e a r  s t r e s s  a g r e e s  f a i r l y  we l l  wi th  the  e x p e r i m e n t a l  da ta  
of Ref.  39 i n d i c a t i n g  tha t  the  t u r b u l e n c e  t r a n s p o r t  is we l l  m o d e l e d  in 
the  p r e s e n t  n u m e r i c a l  so lu t ion .  In F ig .  34, the  c e n t e r l i n e  v e l o c i t y  
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distribution in the diverging section of the diffuser is also shown to 
agree well with experimental data. The predicted value, in general, 
is slightly lower than the experimental value, but the experimental 
data show some scattering especially in the middle of the diffuser. 
A comparison of the experimental and predicted velocity profile 
across the diffuser is shown at four stations in Fig. 35. The agree- 
ment b e t w e e n  the e x p e r i m e n t  and t h e o r y  at  the  i n l e t  and at  the  
x / D  = 5 .95  is  e x c e l l e n t .  At the  i n t e r m e d i a t e  s t a t i o n s ,  h o w e v e r ,  the  
p r e d i c t e d  c e n t e r l i n e  v e l o c i t y  is  about  3 p e r c e n t  l o w e r  t han  the da ta .  
T h i s  d i s c r e p a n c y  was  p r o b a b l y  c a u s e d  by the  wa l l  m a t c h i n g  p r o c e d u r e  
n e a r  the  wal l .  The  e x p e r i m e n t a l  da ta  show tha t  the  v e l o c i t y  p r o f i l e  
n e a r  the  wa l l  in the  d i v e r g i n g  s e c t i o n s  is  not  r e p r e s e n t e d  b y  the  l o g -  
a r i t h m i c  l aw  of the  wal l .  In the p r e s e n t  a p p r o a c h ,  s i n c e  the  s t r e a m  
func t ion  i s  u s e d ,  a s l i g h t  o v e r p r e d i c t i o n  of the  wa l l  s l i p  v e l o c i t y  in  
the  d i v e r g i n g  s e c t i o n  can  be m a g n i f i e d  t h r o u g h  the ( l / r )  f a c t o r  
a s s o c i a t e d  wi th  the  a x i s y m m e t r i c  f low f o r m u l a t i o n  (Appendix  E). 

C a l c u l a t i o n s  fo r  the  8 -deg  con i ca l  d i f f u s e r  f low w e r e  p e r f o r m e d  
wi th  41 l a t e r a l  g r i d  po in t s  a c r o s s  the  f low,  which  is  c o n s i d e r e d  m o r e  
than  adequa t e  to p r o v i d e  a c c u r a t e  n u m e r i c a l  so lu t ion .  The  p r o g r a m  
deve loped  a l s o  can  be app l i ed  to v a r i a b l e  s h a p e  2 -D or  ~ i x i s y m m e t r i c  
c h a n n e l  f low p r o b l e m s .  

6.4 NUMERICAL SOLUTION WITH A LOW REYNOLDS NUMBER 
TWO-EQUATION k-e MODEL 

The k-e model, along with the wall matching procedure, has been 
shown to yield reasonable results for flows in which the law of the wall 
is applicable. However, as pointed out in Section 6.2, the validity of 
the law of the wall is questionable in the vicinity of the separation 
point. In order to avoid the problems associated with the law of the 
wall, the whole flow field including the sublayer region is solved by 
the finite difference formulation so that the point of separation and 
the separated flow field can be predicted. The numerical formulation 
of the whole flow field requires the use of the low Reynolds number 
version of the k-~ model as well as a sublayer coordinate stretching 
technique. 

6.4.1 Numerical Results for a Fully Developed Channel Flow 

The n u m e r i c a l  f o r m u l a t i o n  of a f u l l y  deve loped  channe l  f low wi th  
a low R e y n o l d s  n u m b e r  t w o - e q u a t i o n  k -c  m o d e l  r e q u i r e s  the  s u b l a y e r  

48 



AE DC-TR-76-159  

coord ina te  s t r e t c h i n g  to provide  adequate  r e so lu t i on  th rough  the  flow 
f ie ld .  The de ta i led  f in i te  d i f fe rence  fo rmula t i on  of a ful ly  developed 
channel  flow is given in Appendix F.  

D 

The ve loc i ty  p ro f i l e s  with Reynolds  n u m b e r s  (Uh/v)  r ang ing  f rom 
1,700 to 207,000 a r e  shown in F ig .  36. In the s u b l a y e r  r eg ion ,  a l l  
ve loc i ty  p ro f i l e s  foUow the l i n e a r  ve loc i ty  d i s t r ibu t ion ,  i. e . ,  U + = y+. 
As the Reynolds  n u m b e r  i n c r e a s e s ,  the ve loc i ty  p ro f i l e  g r a d u a l l y  
app roaches  the law of the wall in the co re  reg ion .  The ve loc i t y  p r o -  
f i l e s  in the phys i ca l  coord ina te  a r e  p r e s e n t e d  in Fig .  37. The p ro f i l e  
shape changes  f r o m  n e a r  pa rabo l i c  at the low Reynolds  number  to a 
f u l l e r  p ro f i l e  at h ighe r  Reynolds  number .  At Reynolds  number  1 ,657,  
the p rof i l e  a g r e e s  well  with e x p e r i m e n t a l  data of P a t e l  and Head 
(Ref. 40). Resu l t s  at h ighe r  Reynolds  n u m b e r  a l so  a g r e e  wel l  with 
L a u f e r ' s  data (Ref. 37). 

The tu rbu len t  s h e a r  s t r e s s  d i s t r ibu t ion  is  given in Fig .  38. At 
high Reynolds  number ,  the tu rbulen t  s h e a r  s t r e s s  d i s t r ibu t ion  
a p p r o a c h e s  the l i n e a r  p rof i le  of the total  s h e a r  s t r e s s  because  the 
cont r ibu t ion  f r o m  the m o l e c u l a r  v i s c o s i t y  is sma l l .  The m a x i m u m  
turbu len t  s h e a r  s t r e s s  a l so  a p p e a r s  n e a r  the wal l .  As the Reynolds  
number  d e c r e a s e s ,  the loca t ion  of the m a x i m u m  tu rbu len t  s h e a r  
moves  away f rom the wal l  and dev ia tes  f rom the l i n e a r  d i s t r i bu t i on  
of the total  s h e a r  s t r e s s  because  of the s ign i f i can t  con t r ibu t ion  f r o m  
the m o l e c u l a r  v i s c o s i t y .  The p r e s e n t  ca lcu la ted  s h e a r  s t r e s s  d i s t r i b u -  
t ion at Re = 5,360 a g r e e s  well  with E c k e l m a n n ' s  e x p e r i m e n t a l  data  
(Ref. 41) at Re = 5,600. 

The TKE d i s t r ibu t ion  is  given in Fig.  39. The loca t ion  of the 
m a x i m u m  TKE a l so  moves  toward  the wal l  as the Reynolds  n u m b e r  
i n c r e a s e s .  The n u m e r i c a l  r e s u l t  c l o s e l y  fol lows the e x p e r i m e n t a l  
data  of C la rk  (1Ref. 38) except  n e a r  the cen t e r l i ne .  

The effect  of the to ta l  numbe r  of g r id  points  on the a c c u r a c y  of 
the n u m e r i c a l  solut ion is  shown in Fig.  40. With only 41 g r id  po in ts ,  
the ca lcu la t ed  total  s h e a r  s t r e s s  dev ia tes  s u b s t a n t i a l l y  f r o m  the 
exac t  solut ion.  On the o the r  hand, the 101-point  c a se  is  in exce l l en t  
a g r e e m e n t  with the exac t  solut ion.  

In Fig.  41, the r a t i o  of the c e n t e r l i n e  ve loc i ty  and the mean  
ve loc i ty  ( ave raged  a c r o s s  the channel)  is  shown v e r s u s  the Reynolds  
number .  The value of the ve loc i ty  ra t io  (Uc]U) is  d i r e c t l y  r e l a t e d  
to the f l a tnes s  of the ve loc i ty  p rof i l e .  F o r  a un i fo rm ve loc i ty  p ro f i l e ,  
Uc/~J is equal to one. F o r  Reynolds  n u m b e r  below 1,000,  U c / U  is  
equal  to 1 .5 ,  which ind ica tes  that  the ve loc i ty  p rof i l e  is  pa rabo l i c .  
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The v e l o c i t y  r a t i o  d e c r e a s e s  f r o m  a va lue  of 1 .5  a s  the  R e y n o l d s  n u m -  
b e r  i n c r e a s e s .  The v e l o c i t y  r a t i o  wi l l  p r e s u m a b l y  r e a c h  1 .0  a s y m p t o t i c -  
a l l y  as  the  R e y n o l d s  n u m b e r  goes  to i n f in i ty .  The s k i n  f r i c t i o n  c o e f f i c i e n t  
i s  p r e s e n t e d  in F i g .  42. The  a g r e e m e n t  b e t w e e n  the n u m e r i c a l  r e s u l t  and 
the e x p e r i m e n t a l  da ta  (Ref .  42) in  both F i g s .  41 and 42 i s  v e r y  good. 

When  the  low R e y n o l d s  n u m b e r  mode l  i s  u s e d  to c a l c u l a t e  the  
eddy  v i s c o s i t y  in  the  n u m e r i c a l  i t e r a t i o n ,  i t  i s  n e c e s s a r y  to u s e  an  
u n d e r - r e l a x a t i o n  f a c t o r  on v t a s  in  Eq.  (99) t o p r o v i d e  s m o o t h  c o n -  
v e r g e n c e .  The  e f fec t  of the  r e l a x a t i o n  f a c t o r  ( 7 )on  the so lu t i on  
c o n v e r g e n c e  i s  shown in F i g .  43. L a r g e  o s c i l l a t i o n s  o c c u r  when  the  
r e l a x a t i o n  f a c t o r  (7) i s  g r e a t e r  t han  0 .05 .  I t  was  found tha t  the  b e s t  
va lue  of ~ i s  the  i n v e r s e  of the  n u m b e r  of l a t e r a l  g r i d  po in t s  wh ich  
in  th i s  c a s e  i s  0 . 01 .  W h e n  the r e l a x a t i o n  f a c t o r  i s  g r e a t e r  t han  0 .01 ,  
the  s u b l a y e r  t h i c k n e s s  o s c i l l a t e s  a s  the  i t e r a t i o n s  p r o c e e d .  The  
o s c i l l a t i o n  p h e n o m e n o n  b e c o m e s  m o r e  p r o n o u n c e d  at  h igh  R e y n o l d s  
n u m b e r s .  T h e r e f o r e ,  the  p r o p e r  s e l e c t i o n  of the  u n d e r - r e l a x a t i o n  
f a c t o r  fo r  the  eddy  v i s c o s i t y  a s s o c i a t e d  w i th  the  low R e y n o l d s  n u m -  
b e r  t w o - e q u a t i o n  m o d e l  i s  v e r y  i m p o r t a n t  to e n s u r e  the  s m o o t h  
c o n v e r g e n c e  of the  n u m e r i c a l  i t e r a t i o n  p r o c e s s .  

6.4.2 Numerical Solution of Separated and Non-Separated Diffuser 
Flow in a Stretched Coordinate System 

A s e r i e s  of p r e l i m i n a r y  c a l c u l a t i o n  was  m a d e  f o r  a f a m i l y  of 
p l a n a r  d i f f u s e r  f lows  to i l l u s t r a t e  the  n a t u r e  of the  so lu t ion .  The  
t e s t  c a s e  s e l e c t e d  is  a t w o - d i m e n s i o n a l  p l a n a r  d i f f u s e r  wi th  a 4-1 
a s p e c t  r a t i o  (F ig .  44) i n v e s t i g a t e d  by  R e n e a u ,  et  a l . ,  (R2f.  1). 
The  R e y n o l d s  n u m b e r  b a s e d  on the  in l e t  m e a n  v e l o c i t y  (U I) and the  
he igh t  (h I) i s  1 .2  x 105. The  i n l e t  p r o f i l e  was  a f u l l y  deve loped  
c h a n n e l  f low p r o f i l e .  I t  was  shown tha t  the  m a x i m u m  p r e s s u r e  
r e c o v e r y  o c c u r r e d  wi th  a to ta l  d i f f u s e r  ang le  of 20 deg.  T h i s  e x p e r i -  
m e n t a l  ev idence  i s  u s e d  to p r o v i d e  l i m i t e d  v e r i f i c a t i o n  f o r  the  p r e s e n t  
n u m e r i c a l  s o l u t i o n s  b e c a u s e  m o r e  d e t a i l e d  e x p e r i m e n t a l  da ta  a r e  not  
a v a i l a b l e .  The  c o o r d i n a t e  t r a n s f o r m a t i o n s  a r e  g iven  in E q s .  (53) 
t h r o u g h  (57), and the  s e t  of g o v e r n i n g  equa t ions  i s  g i v e n  in E q s .  (66) 
t h r o u g h  (70). F i f t y - o n e  l a t e r a l  g r i d  po in t s  a r e  u s e d  a c r o s s  the  
d i f f u s e r  which  i nc ludes  both  the  c o r e  r e g i o n  and the  s u b l a y e r  r e g i o n .  
T h e  n u m b e r  of g r i d  po in t s  is  c o n s i d e r e d  adequa t e  to p r o v i d e  a q u a l i -  
t a t i v e  d e s c r i p t i o n  of the  f low f i e ld  but  not n e c e s s a r i l y  an  a c c u r a t e  
r e s u l t .  The  n u m e r i c a l  p r o c e d u r e  i s  g iven  in  F ig .  9. In the  i t e r a -  
t ion  p r o c e s s ,  the  f i r s t  600 i t e r a t i o n s  a r e  u s e d  to d e t e r m i n e  the  f low 
f i e ld  at  the  f i r s t  t h r e e  s t a t i o n s  so  t ha t  a f u l l y  deve loped  channe l  f low 
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p r o f i l e  can be ob ta ined .  With the  in le t  cond i t ion  known,  the  nex t  600 
i t e r a t i o n s  a r e  u s e d  to c o m p u t e  the d i f f u s e r  f low f ie ld .  The c a l c u l a t e d  
sk in  f r i c t i o n  c o e f f i c i e n t  is  shown  in Fig .  45 for  s ix  d i f f e r e n t  a n g l e s .  
B a s e d  on the  sk in  f r i c t i o n  d i s t r i b u t i o n s ,  f low s e p a r a t i o n  does  not o c c u r  
in the  f i r s t  t h r e e  c a s e s ,  n a m e l y ,  2 e = 3 . 5 8 ,  7 . 1 5 ,  and 14 .25  deg.  
The  point  of s e p a r a t i o n ,  wh ich  a p p e a r s  in the  l a s t  t h r e e  c a s e s ,  m o v e s  
u p s t r e a m  as  the  d i f f u s e r  ang le  i n c r e a s e s .  The r i s e  in the  sk in  f r i c -  
t ion c o e f f i c i en t  a round  the  in le t  c o r n e r  ( X / h  I = 2 .0)  is  a r e s u l t  of the  
e l l i p t i c  n a t u r e  of the  f low, i . e . ,  d i s t u r b a n c e s  p r o p a g a t e  u p s t r e a m  
f r o m  the  d i v e r g i n g  s ec t i on .  Such b e h a v i o r  cannot  be  ob ta ined  f r o m  
a c o n v e n t i o n a l  b o u n d a r y - l a y e r  f o r m u l a t i o n  in wh ich  t h e r e  is  no f e e d -  
back  m e c h a n i s m .  The  sk in  f r i c t i o n  c o e f f i c i e n t  n e a r  the ex i t  c o r n e r  
( X / h  I = 6) in the  s e p a r a t e d  r e g i o n  shows  s o m e  o s c i l l a t i o n  (F ig s .  45e 
and f), which  i n d i c a t e s  that  the  so lu t ion  is  not  fu l ly  c o n v e r g e d .  How-  
e v e r ,  the  so lu t ion  is  s t ab l e  u p s t r e a m  of the  s e p a r a t i o n  point .  

The d e v e l o p m e n t  of the  v e l o c i t y  p r o f i l e  in the  d i f f u s e r  is shown 
in F ig .  46. As  the  d i f f u s e r  ang le  i n c r e a s e s ,  the  fu l ly  d e v e l o p e d  
ch an n e l  f low p r o f i l e  g r a d u a l l y  d e v e l o p s  into a wake  p r o f i l e  n e a r  the  
wal l .  F o r  the  s e p a r a t e d  p r o f i l e s ,  the  s u b l a y e r  is so  th in  tha t  it l ooks  
as  if the  v e l o c i t y  p r o f i l e  has  a d i s c o n t i n u i t y  n e a r  the  wal l .  The  v e l o c -  
i ty  p r o f i l e  in the  s u b l a y e r  wi th  an e n l a r g e d  s c a l e  is shown in Fig .  47 
fo r  2 e = 34 .7  deg.  The r e v e r s e  flow v e l o c i t y  n e a r  the  wal l  at  
X / h  I = 6 is about  14 p e r c e n t  of the  loca l  c e n t e r l i n e  v e l o c i t y .  The 
p r e d i c t e d  t u r b u l e n t  k i n e t i c  e n e r g y  d i s t r i b u t i o n  is  shown in F ig .  48. 
The d i s t i n c t i v e  f e a t u r e  of the t u r b u l e n t  k i n e t i c  e n e r g y  d i s t r i b u t i o n  
is  tha t  the  l o c a t i o n  of the  m a x i m u m  TKE m o v e s  away  f r o m  the  wall 
in the  d ive r~ in~  s e c t i o n .  In ~ e n e r a l ,  the  m a g n i t u d e  of the  m a x i m u m  
TKE i n c r e a s e s  as  the  d i f f u s e r  d i v e r g i n g  angl~ i n c r e a s e s .  F o r  2 e 
= 34 .7  deg ,  the  m a x i m u m  TKE at  X / h  I = 6 is  r o u g h l y  double  the  
m a x i m u m  in le t  va lue .  

Al though  t h e r e  a r e  no d e t a i l e d  f l o w - f i e l d  data  a v a i l a b l e  to 
v e r i f y  the  p r e d i c t e d  f l o w - f i e l d  s t r u c t u r e ,  the  c e n t e r l i n e  v e l o c i t y  
d i s t r i b u t i o n  is  an i nd i ca t i on  of the  p r e s s u r e  r e c o v e r y .  In F ig .  49, 
the  c e n t e r l i n e  v e l o c i t y  d i s t r i b u t i o n  is g iven  in t e r m s  of the  to ta l  
d i f f u s e r  ang le .  The m i n i m u m  c e n t e r l i n e  v e l o c i t y  at X / h  I = 6 
o c c u r s  at 2 e = 20 deg,  which  c o r r e s p o n d s  to the  e x p e r i m e n t a l l y  
de f ined  o p t i m u m  d i f f u s e r  ang le  by  Reneau ,  et  al .  (Ref.  1). A 
c o m p a r i s o n  b e t w e e n  the  p r e s e n t  fu l ly  d e v e l o p e d  in l e t  v e l o c i t y  
p r o f i l e  and that  of c u r v e  5 in Ref.  1 is  g iven  in F ig .  50. 

To p r o v i d e  s o m e  ind i ca t i on  of the a c c u r a c y  of the  p r e s e n t  
so lu t ion ,  the  to ta l  s h e a r  s t r e s s  d i s t r i b u t i o n  at the  in le t  s t a t i on  is  
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shown in Fig .  51. Although the l i n e a r i t y  of the total  s h e a r  s t r e s s  is  
p r e s e r v e d  in the core  reg ion ,  the slope of the p rof i l e  is somewha t  
l ower  than the exact  ana ly t i ca l  solut ion.  The a c c u r a c y  check is 
c o n s i s t e n t  with that  given in Fig .  40. C l e a r l y ,  the n u m b e r  of g r id  
points  used in the computat ion is only m a r g i n a l .  An i n c r e a s e  to an 
81- or  101-point  s y s t e m  should provide  exce l l en t  r e s u l t  as  was 
found for  ful ly  developed channel  flow (Section 6 .4 .1  and Fig.  40). 

7.0 CONCLUDING REMARKS 

A n u m e r i c a l  method has  been developed to provide  the de ta i led  
f low-f ie ld  s t r u c t u r e  of two-d imens iona l ,  tu rbu len t ,  i m c o m p r e s s i b l e  
s t a l l ed  and non - s t a l l ed  subsonic  d i f fuse r  flows with nonuni form in le t  
condi t ions .  The gene ra l  f o rmu la t i on  is a l so  appl icab le  to a wide 
v a r i e t y  of i n c o m p r e s s i b l e  i n t e rna l  flow p r o b l e m s .  An impor t an t  
f ea tu re  of the n u m e r i c a l  method is the use  of the " d e c a y  funct ion" 
technique ,  in which local  ana ly t i ca l  i n fo rma t ion  is  used  in the f in i te  
d i f fe rence  fo rmula t ion  to en su re  s t ab i l i t y  of the solut ion.  A co- 
o rd ina te  t r a n s f o r m a t i o n  including sub l aye r  s t r e t c h i n g  was developed 
to provide  adequate  flow def ini t ion throughout  the whole flow f ield.  
F u r t h e r  s tudy of the coord ina te  t r a n s f o r m a t i o n  could provide  opti-  
miza t ion  of the gr id  ne twork.  

A h i e r a r c h y  of so lu t ions  were  obtained,  based  on tu rbu len t  
t r a n s p o r t  mode l s  of i n c r e a s i n g  complex i ty ,  i . e . ,  cons tan t  v i s c o s i t y ,  
a l geb ra i c ,  and two-equa t ion  mode ls .  In gene ra l ,  t r e a t m e n t  of the 
wall  l a y e r  with a ma tch ing  p r o c e d u r e ,  based  on the law of the wal l ,  
y i e lds  f a i r l y  good r e s u l t s  for  n o n - s e p a r a t e d  f lows,  but is u n s a t i s -  
f a c t o r y  for  s e p a r a t e d  flows. T h e r e f o r e ,  a method was developed to 
compute the whole flow f ie ld  n u m e r i c a l l y ,  inc luding the v i scous  
sub l aye r .  The approach  involves  coord ina te  s t r e t c h i n g  and a low 
Reynolds  number  two-equa t ion  tu rbu len t  model .  P r e d i c t i o n s  of 
fu l ly  developed channel  f lows,  obtained with the s u b l a y e r  s t r e t c h i n g ,  
a r e  in good a g r e e m e n t  with e x p e r i m e n t a l  r e s u l t s .  P r e d i c t i o n s  of 
the p e r f o r m a n c e  of p l ana r  d i f fuse r s  a r e  a l so  in r e a s o n a b l e  a g r e e -  
ment  with e x p e r i m e n t a l  r e s u l t s .  However ,  addi t ional  c o r r e l a t i o n  
between the n u m e r i c a l  method and e x p e r i m e n t  is needed,  p a r t i c u l a r -  
ly  for  s t a l l ed  a x i s y m m e t r i c  f lows. Unfor tuna te ly ,  the c u r r e n t l y  
ava i l ab le  data a r e  v e r y  l imi ted ,  p a r t i c u l a r l y  for  eva lua t ing  the 
qual i ty  of the flow s t r u c t u r e .  
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The p r e s e n t  n u m e r i c a l  ana ly s i s  should be extended to include 
c o m p r e s s i b l e  and non-ad iaba t i c  f lows.  
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Table 1. Comparison between Two Low Reynolds Number Models 
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APPENDIX A 

DERIVATION OF A COORDINATE TRANSFORMATION 
WITH A SUBLAYER STRETCHING 

The purpose  of the t r a n s f o r m a t i o n  is  twofold: (1) to provide  ade-  
quate r e so lu t ion  in the sub l aye r  reg ion  which n o r m a l l y  occupies  only 
about 1 p e r c e n t  of the flow f ie ld ,  and (2) to obtain a smooth  s t r e t c h i n g  
of the coord ina t e s  f r o m  the s u b l a y e r  to the core  reg ion .  Because  of 
the complex i ty  of the ve loc i ty  p rof i l e  n e a r  the wal l ,  s e p a r a t e  t r a n s -  
f o r m a t i o n  funct ions  a r e  de r ived  fo r  the s u b l a y e r  and the core  reg ion .  
T h e y  a r e  ma tched  smoo th ly  at a p r o p e r  loca t ion  (yo) so that  the 
funct ions  a r e  cont inuous up to the second d e r i v a t i v e s .  

TRANSFORMATION FUNCTION IN THE SUBLAYER 

Ins ide  the s u b l a y e r ,  the ve loc i ty  d i s t r i bu t ion  is  l i n e a r .  A tangent  
funct ion is  a su i tab le  s t r e t c h i n g  funct ion for  the s u b l a y e r  reg ion :  

= ~ -  tan ~ (A-l) 

The s t r e t c h i n g  f ac to r  (a~/ay) ,  which mus t  be ad jus ted  to p rov ide  good 
r e s o l u t i o n  of the s u b l a y e r  ve loc i ty  p ro f i l e ,  is  r e l a t e d  to the s lope of 
the ve loc i ty  prof i le  by  

(A-2) 

The condit ion d e t e r m i n e s  the coeff ic ient  (a) in t e r m s  of v~2/v .  The 
coef f ic ien t  (/3) wi l l  be d e t e r m i n e d  through the ma tch ing  p r o c e d u r e  at  

Yo. 

TRANSFORMATION FUNCTION IN THE CORE REGION 

In the co re  reg ion ,  t he re  is  no need to have a l a r g e  coord ina te  
s t r e t c h i n g  because  the p rof i l e  is  r a t h e r  smooth .  T h e r e f o r e ,  the 
s t r e t c h i n g  f ac to r  ( ~ / a y )  mus t  g r a d u a l l y  d e c r e a s e  to un i ty  f rom the 
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s u b l a y e r  to the  c e n t e r l i n e .  In the  p r e s e n t  a n a l y s i s ,  a h y p e r b o l i c  
func t ion  i s  s e l e c t e d  for  th i s  p u r p o s e ,  i . e . ,  

Upon i n t e g r a t i o n ,  Eq.  (A-3)  b e c o m e s  

(A-3) 

(A-4) 

Equation (A-4) is the transformation function for the core region. 

THE MATCHING CONDITION 

The m a t c h i n g  cond i t i ons  a r e  p r o v i d e d  at  the  l o c a t i o n  (yo) b y  the 
c o n t i n u i t y  of the  func t ion ,  the f i r s t  and the s econd  d e r i v a t i v e s .  Wi th  
the c o n t i n u i t y  of the  s econd  d e r i v a t i v e s  at  Yo' i.  e . ,  

core _.. ,suMayer 

(A-l), (A-4), and the  c o e f f i c i e n t  (j3) can  be  d e t e r m i n e d  f r o m  E q s .  
(A-5) as 

(A-5) 

ZQ(t~I se . tan ~ , - I  : 0 (A-6) 

For  the cont inui ty  of the f i r s t  der ivat ives,  the condit ion becomes 

, c, re ,= .subta1,,r 

E q u a t i o n  (A-7)  d e t e r m i n e s  the  c o e f f i c i e n t  (C) a s  

(A-7) 

(A-8) 

132 



AEDC-TR-76-159 

Fina l ly ,  the cont inui ty  of the t r a n s f o r m a t i o n  funct ions  p rov ides  the 
fol lowing r e l a t i o n  fo r  the cons tan t  (F), i. e . ,  

F = -C9o +(  }tan{z9, (A-9) 

By se t t ing  y = 1 .0 ,  the t r a n s f o r m e d  cen te r l i ne  loca t ion  (~max } can 
be de t e rmined  f r o m  Eq. (A-4) as  

i -  c Ifm,~- t" (¢°sh ( Vm,~" W,~)" F "-o (A-10) 

Equat ions  (A-2), (A-6), (A-8), and (A-9) p e r m i t  the t r a n s f o r m a t i o n  
funct ions  (A- l )  and (A-4) to be wr i t t en  in t e r m s  of v*2/v  and ~o, 
which a r e  c h a r a c t e r i s t i c  p a r a m e t e r s  of the sub laye r .  

NUMERICAL PROCEDURE 

The n u m e r i c a l  p rocedu re  used to ca lcu la te  the coord ina te  t r a n s -  
f o rma t ion  funct ions  is out l ined in Fig.  A-1.  F i r s t  the p a r a m e t e r  
(v~-'2/v) is d e t e r m i n e d  based on some flow condit ion,  such as  the  
in le t  condit ion to a d i f fuser .  The s t r e t ched  sub laye r  th i ckness  is  
then se t  equal to uni ty so that  enough r e so lu t i on  can be ob ta ined .  In 
addi t ion,  the number  of gr id  points  is spec i f ied  in the t r a n s f o r m e d  

coord ina te .  The coef f ic ien ts  (~, C, and F) can be ca lcu la ted  
d i r e c t l y  f r om Eqs.  (A-2), (A-8), and (A-9), r e s p e c t i v e l y .  On the 
o ther  hand, coef f ic ien ts  such as ~ and Y~max mus t  be d e t e r m i n e d  
i t e r a t i v e l y  by Newton 's  method,  i . e . ,  

_ f(g) 

w h e r e  /3n+ 1 r e p r e s e n t s  the (n+l) th value and/~n r e p r e s e n t s  the old 
value.  

The funct ions (f and f') a r e  obtained f r o m  Eq. (A-6) as 

z-p. (A-12) 

*0'p, 
(A-Z3) 

where Yo = 1.0 has been used in the der iva t ion ,  The converg ing 
solut ion for /3  is obtained by applying Eq. (A-11) s u c c e s s i v e l y  f r o m  
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an i n i t i a l  g u e s s  un t i l  a c o n v e r g e n c e  c r i t e r i o n  i s  r e a c h e d .  S ince  the 
NewtonWs m e t h o d  c o n v e r g e s  f a i r l y  r a p i d l y  wi th  a good i n i t i a l  g u e s s ,  
the  m a x i m u m  n u m b e r  of i t e r a t i o n  i s  of ten s p e c i f i e d  to t e r m i n a t e  the  
c a l c u l a t i o n .  

The  c o e f f i c i e n t  (F) can  a l s o  be d e t e r m i n e d  in  a s i m i l a r  m a n n e r ,  
i . e . ,  

~J=ax..., = ~' . .~, ." ~'(~.,ax,.) (A-14) 

w h e r e  f and f ' a r e  now d e r i v e d  f r o m  Eq.  (A-10)  as  

= - t + c ~max., + ~' (c°sh  ( ~ m x . ,  -J ) )  + ]: (A-~5) 

With  a l l  the  c o e f f i c i e n t s  d e t e r m i n e d ,  one can  p r o c e e d  to d e t e r m i n e  
the  u n i f o r m  g r i d  s p a c i n g  (Ay = ( ~ m a x / J N M ) ) ,  the  s t r e t c h e d  c o o r d i n a t e  
( ~  = (N. Aye)), and the p h y s i c a l  c o o r d i n a t e  (y) by  E q s .  ( A - l )  and (A-4) .  
The  c o o r d i n a t e  t r a n s f o r m a t i o n  a s  a func t i on  of v;~2/v i s  shown in 
Fig. A-2. 

The t r a n s f o r m a t i o n  f a c t o r s  d e r i v e d  f r o m  E q s .  ( A - l )  and (A-4)  
a r e  in the  s u b l a y e r ,  0 ~ ~ ~ Y~o: 

e__~ / i~ '  -2/s t=. 

and in the  c o r e  r e g i o n ,  Yo --< ~ <-- Ymax: 

(A-Z7) 

~'~ l 
a ,  

g~ C + "tank ( ~-~ } 
• e ~  g Z 2 N ,~ 

(A-IS) 
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I n p u t  Da t a :  

(v*2/V), JNM, ~o ffi 1.0 

u: From Eq. (A-2) 

~: From Eq. (A-6) 

Newton's Method (A-11) 

C: From Eq. (A-8) 

F: From Eq. (A-9) 

I 
Ymax: From Eq. (A-IO) 

N e w t o n ' s  Method (A-14) 

Figure A-1. Numerical procedure to determine the 
coordinate transformation function. 
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APPENDIX B 
DERIVATION OF DECAY FUNCTIONS 

The der iva t ion  of decay  functions is i l l u s t r a t ed  by us ing  the s t e a d y -  
s ta te  vo r t i c i ty  equation.  The der iva t ion  of the decay  function fo r  the 
t ime-dependen t  equat ion is  given in Ref. 30. The one -d imens iona l  
vo r t i c i ty  equat ion is 

~v, g ~ , , -  vce ~ ) = 0 (B-Z) 

The finite d i f fe rence  e x p r e s s i o n s  with the decay  funct ions for  a un i fo rm 
gr id  s y s t e m  a r e  

,m n~.,-zn~ .n~., , 
w~'~ '~" s~' "'~" 
~n nj,,-nj., . 

The resul t ing f in i te difference equation is 

(B-2) 

, } [ (B-3) 

The function (Fj) is  not expl ic i t ly  used  in Eq. (B-3) because  only one 
decay  function ,s r e q u i r e d  for  an equation with only two t e r m s .  F o r  
a nonuni form gr id  s y s t e m ,  one obtains  the f ini te  d i f fe rence  equation.  

( ~ , *  slh ) / =  ~j" -t s"A,*S'lh ) 
where  6y 1 and 6y 2 a r e  the gr id  spac ing  between (j+l)  and (j), (j) and 
( j - l )  gr id  points ,  r e spec t i ve ly .  Af t e r  r e - a r r a n g e m e n t ,  Eq. (B-4)  
becomes  

The local analytical solution of Eq. (B-l) can be obtained by assum- 
ing that v is locally constant, i. e., vj. The analytical solution of 
Eq. (B-l) is 

/3. = C I + c , . e  (B -6 )  
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The l o c a l  b o u n d a r y  cond i t ion  i s  

~-o , n , , . D j . ,  

~l,,S~x+S~, , il-_ej+, 

The  f ina l  e x p r e s s i o n  fo r  y - 5y 2 is  ob ta ined  by  c o m b i n i n g  E q s .  
and (B-7) .  

nj - nj., + ( nj+, - hi. , ) { e(~)Jsg' - i 

(B-7) 

(B-S) 

(B-S) 

The  d e c a y  func t ion  (Gj) can  be e a s i l y  ob ta ined  by  d i r e c t  c o m p a r i s o n  
of Eqs .  (B-5)  and (B-B).  The  r e s u l t  i s  

(:s~,+s~,) I s ~ . e('~)Js~* _ I } 
%:Iz),,,,i,,sw.'s~.z ) (~'~.)" e~,,~j(s~,+s~,)_ (B-9) 

for  a u n i f o r m  g r id  s y s t e m ,  6y 1 = 5y 2 = 5y, and Eq. (B-9)  r e d u c e s  to 

o r  in t e r m s  of the g r id  R e y n o l d s  n u m b e r  (Rj = (v /v ) j  6y), 

~ (i-e2 % • } %-% _, 

(B-IO) 

(B-ii) 

E q u a t i o n s  (B-9)  and (B-11)  r e p r e s e n t  the d e c a y  func t ions  in  a non -  
u n i f o r m  and a u n i f o r m  g r id  s y s t e m ,  r e s p e c t i v e l y .  
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APPENDIX C 
FINITE DIFFERENCE FORMULATION OF A 2-D FLOW 

WITH A CONSTANT VISCOSITY 

The  g o v e r n i n g  e q u a t i o n s  fo r  a t w o - d i m e n s i o n a l  p l a n a r  s t e a d y -  
s t a t e  f low of an i n c o m p r e s s i b l e  f lu id  wi th  a c o n s t a n t  v i s c o s i t y  can  
be  w r i t t e n  as :  

~I/. + gY T Z W  "- °  

' ~ ' + v  W = ~' ~ + ~" 3x' + ~ )  
, gay ~ '% 'av ,,gv I ~.~..t~ .,. £ i~ . . j  + 

(C-l) 

(c-2) 

( c - 3 )  

Equations (Oil) t h r o u g h  (C-3)  can  be  w r i t t e n  in t e r m s  of the  v o r t i c i t y -  
s t r e a m  f u n c t i o n  f o r m u l a t i o n  as  

~'~+ g~l'" v " 'x +v%'T)'° 

A s e c o n d - o r d e r  p r e s s u r e  equa t ion  can  a l s o  be  d e r i v e d  as  

%'~ + ' i l '  '~t' J~'i~'" "g"J" 

(c-4) 

(C-5) 

(C-6) 

w h e r e  the  s o u r c e  t e r m  of Eq .  (C-6)  has  b e e n  w r i t t e n  in  t e r m s  of the  
d e r i v a t i v e s  in the  y - d i r e c t i o n  f o r  e a s e  in the  n u m e r i c a l  c o m p u t a t i o n .  
The  v e l o c i t y  f i e ld  (u, v) is  ob t a ined  f r o m  the  r e l a t i o n  

t t =  - - -  V = -  - -  ( C - 7 )  

The  c o r r e s p o n d i n g  f in i t e  d i f f e r e n c e  e q u a t i o n s  f o r  the  g e n e r a l  n e t w o r k  
shown in F ig .  C-1  a r e :  
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Vorticity Equation (~) 

(n~÷,.j - 2 ~ i  + n~-,.i) . ~  ..u_%) (n~..i-n~,.j) 
Sx* G L ' [ ~  ' Z,j zSX 

(;%i,j,, "ZKZL, J +flU,J-,).. t__.rv % (~Zc~-fZ~j.,) o 
4. $~, Gj "P "~,j Z $~ = 

w h e r e  the  d e c a y  f u n c t i o n s  G i and  Gj a r e  de f ined  a s  

:,R t % = (z/Ri.)(,- ~-(eR;-l)/(e , }) 

% : (zl%)(,- z (eRJ-,)/(~%-,)) 
% .. (u.l,J)~jsx , R I - (v/v)cj s~ 

(c-B) 

(c-9) 

(C-IO) 

(C-11) 

Stream Function Equation (~) 

( % , , j - , ~ . j  ÷ ~_,,j )/sx, + ( ~ , j . , - , R . j . R . j . , ) # f  -- -n,, j  
(C-12) 

Pressure Equation (p) 

:-, {{ a,.j, c ~.j.,-z,,.j .~j.,)/su, i[c%,-2~,.j,~+,)/,v,] 
.[( v,,j.,- v,,~., ) l,s~ 1' } (c-~3) 

Velocity Relation (u, v) 

When Eqs. (C-8), (C-12), and (C-13) are solved iteratively by Gauss- 
Seidel iterative method, the corresponding successive substitution 
formula can be derived as 
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~ . /  = CU 

t'~,. ~,,,.j ,- c, .  ~,.,. j  • =j .  @,,j., + e,.C,,:,j., + sourcE)  

(C-15) 

The  c o r r e s p o n d i n g  C z, C 2, C 3, C4, SOURCE, and CU t e r m s  fo r  
e a c h  func t ion  a r e :  

~.Equation 
w 

q : (, l~ j .  %/, ). ( sxl;u )' 

C 4 - ( , /% + Rslz ). (~,~I'~)' 

SOURCE = 0  

co : ,'2/% )+ (,/~j).(sx/sll)* 

and the  d e c a y  func t ions  a r e  a p p r o x i m a t e d  as  

G L = 1.0- O,06ZS"(RL )= , IR/. I< z 

= ~_ , 
IRLI " ("~'L)" 

%" = I .O-O.06ZS.(Rj) '  , I R j I < z  

@-Equation: 

, IR/,I >, z 

c, -- l c 4 - (~x/sll )' 

¢2 . i Cu = z + z. (~x/s~ )' 

c5 : c sxls~l )' SouRcE : - I ) .Lj  (sx)' 

(c-z6) 

(c-17) 

(c-zs) 
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p-Equation: 

¢,=1 
Cz: l  

C s = C~;x/s~) z 

C4 "- tsx/s~ )" 
CU = z + 2 . t S x / s ~  )z 

souRcE : 2 { [ n ~ . j  + t~ . j , , -~ . j  + ~. i - , ) /~ 'J" 

[ % , , - %  • %.., + v ] 

(c-z9) 

,j 

The b o u n d a r y  cond i t ions  u s e d  fo r  the p l a n a r  d i f f u s e r  c a l c u l a t i o n  a r e :  

UPSTREAM BOUNDARY CONDITION 

A ful ly  d e v e l o p e d  p a r a b o l i c  v e l o c i t y  p r o f i l e  is s p e c i f i e d  at the 
in l e t  of the d i f f u s e r  in the p r e s e n t  a n a l y s i s  to r e p r e s e n t  the non-  
u n i f o r m  in le t  condi t ion .  H o w e v e r ,  any  o t h e r  in le t  p r o f i l e  can  a l s o  
be s p e c i f i e d .  The c o r r e s p o n d i n g  v o r t i c i t y  and the  s t r e a m  func t ion  
d i s t r i b u t i o n s  a r e  d e r i v e d  f r o m  the v e l o c i t y  p ro f i l e .  The in le t  s t a t i c  
p r e s s u r e  p ro f i l e  is a s s u m e d  to be u n i f o r m .  

DOWNSTREAM BOUNDARY CONDITIONS 

When the l eng th  of the ex i t  s e c t i o n  of the d i f f u s e r  is long  enough 
fo r  a p a r a l l e l  flow to be e s t a b l i s h e d ,  the p a r a l l e l  f low c o n d i t i o n  can 
be e x p r e s s e d  as  

"--- - - -  = 0 (C-20 
~x ~x 

The c o r r e s p o n d i n g  d o w n s t r e a m  cond i t ion  fo r  the p r e s s u r e  can  be 
d e r i v e d  f r o m  the m o m e n t u m  Eq.  (A-2)  as 

" ". ~; ~ - .  ( c - 2 1 )  
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SYMMETRY CONDITION 

Along the  l i ne  of s y m m e t r y ,  bo th  the v o r t i c i t y  and the  s t r e a m  
func t ion  a r e  s e t  equa l  to ze ro .  

The  p r e s s u r e  b o u n d a r y  cond i t ion  a long  the l i ne  of s y m m e t r y  can  
be  ob ta ined  f r o m  Eq.  (C-3)  by  i n t e g r a t i o n  in y d i r e c t i o n ,  i . e . ,  

(c-22) 

S u b s c r i p t s  1 and 2 r e p r e s e n t  the c e n t e r l i n e  and i t s  n e i g h b o r i n g  g r i d  
po in t ,  r e s p e c t i v e l y  ( s e e F i g .  C - I ) .  B y  a s s u m i n g  tha t  the i n t e g r a n d s  
a r e  l i n e a r  func t ion  of y ,  one ob ta ins  

(U~-~-V~-~)- (%9-~'~X)] Z (C-23) 

w h e r e  the  con t i nu i t y  equa t ion  has  been  u s e d  fo r  0 v / a y .  The  s econd  
and the  t h i r d  t e r m s  i n s ide  the b r a c k e t  r e p r e s e n t  the  h i g h e r  o r d e r  
t e r m  which  v a n i s h e s  in the  l i m i t s  as  the ~y goes  to z e r o .  

WALL BOUNDARY CONDITION 

At the  wa l l ,  the  v e l o c i t y  c o m p o n e n t s  v a n i s h  and the  s t r e a m  func- 
tion is a constant value along the solid wall, i.e., 

tt = V = 0 , ~ ' :~ 'wa(L  (c -24 )  

The  v o r t i c i t y  at  the  wa l l  can  be ob ta ined  by the i n t e g r a t i o n  

(C-25) 

Note w h e r e  w and p r e p r e s e n t  the  wa l l  and i t s  n e i g h b o r i n g  po in t s .  
tha t  the i n t e g r a t i o n  can be p e r f o r m e d  in e i t h e r  the  x -  o r  y - d i r e c t i o n .  
A s s u m i n g  tha t  the  t n t e g r a n d  in Eq. (C-25)  is  l i n e a r ,  one o b t a i n s  

~ }  - n? (C-26)  .O.w = + s~ + (~ )x  "p 
S i m i l a r l y ,  the wa l l  b o u n d a r y  cond i t ion  can be d e r i v e d  b y  i n t e g r a t i o n  
of the  m o m e n t u m  Eqs .  (C-2)  and (C-3)  in e i t h e r  the  x -  o r  y - d i r e c -  
t ion .  F o r  e x a m p l e ,  the  p r e s s u r e  b o u n d a r y  cond i t ion  a long  a 
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diverg ing  d i f fuser  wall  is  obtained by in teg ra t ing  Eq. (C-2) in the 
x - d i r e c t i o n ,  

~.£x . ~_.aa. e l i  sx 
: _ 

(C-27) 

F o r  the hor i zon ta l  in le t  and exit  wa l l s ,  the condi t ion (Eq. (C-27)) 
can be reduced  to 

~).£x r ~Q '~Jl V gu 1 

The f o rmu la t i on  is f a i r l y  gene ra l  in tha t  it can be used for  ca l cu l a t -  
ing m os t  2-D p l ana r  flows with p r o p e r  a s s i g n m e n t  of the boundary  
condi t ions .  
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APPENDIX D 
FORMULATION OF A FULLY DEVELOPED CHANNEL FLOW WITH A HIGH 
REYNOLDS NUMBER TWO-EQUATION k-e MODEL AND WALL MATCHING 

F o r  high Reynolds  number  ful ly  developed channel  flow, the 
govern ing  equat ion is one d imens iona l .  Since the sub laye r  is  r ep l aced  
by a law of the wall  matching, p r o c e d u r e ,  the effect  of the m o l e c u l a r  
v i s cos i t y  can be ignored.  The comple te  se t  of govern ing  equat ions  
is:  

Vorti¢ity Equation (~) 

~ ' - Y t t ' Z 3 ~ ' "  r J sr pt. l r  ;pr 
(D- l )  

Stream Function Equation (¢) 

~r s ~-~" ÷ pG.jl , , 0  

Velocity Recovery (u) 

(D-2) 

,-~ ~ 
U = ' r "  ~ (D-3) 

Turbulent Kinetic Energy Equation (k) 

~'~ " P+ t "+7"" ~ , . ~ - _ - ~ .  o 

Turbulent Kinetic Energy Dissipation Equation (e) 

(D-4) 

(D-5) 
PrandtI-Kolmogorov Eddy Viscosity Model 
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The  c o n s t a n t s  u sed  a r e  C = 0 . 0 9 ,  C.  = 1 .44 ,  and C 2 = 1 .92 .  
b o u n d a r y  cond i t ions  a long  the c e n t e r l i n e  can be w r i t t e n  as  

• r 9r 

The 

(D-7)  

The  m a t c h i n g  cond i t ion  n e a r  the wal l  is p r o v i d e d  by the  l aw of the  wal l .  
The  b o u n d a r y  condi t ion  and the r e l a t e d  v a r i a b l e s  a r e  

tr'= ue /,, =.s L, ¢v, k = 

u = u -~ (= .s  n., ( z r * ~ , / ~ , ) + ¢ . s )  ~ = v " 3 / ( o . , ~ l  ~/o1 

= ,0  1 2 =  ~ u  
s r  

(D-8) 

w h e r e  Yo is the  m a t c h i n g  l oca t i on  m e a s u r e d  f r o m  the wal l  and yp is 
the d i s t a n c e  one poin t  next  to the m a t c h i n g  point .  The  g o v e r n i n g  
equa t ions  w r i t t e n  in the  s t a n d a r d  f o r m  a r e  

t r  l t ~r  (D-9) 

w h e r e  c o e f f i c i e n t s  a and d a r e  g iven  in the  fo l lowing  t ab le  fo r  a fu l ly  
d e v e l o p e d  channe l  f low high  Reyno lds  n u m b e r  m o d e l :  

a d 

r = ~t  ar = ~r J 

rS.  

g r ' "  
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The gene ra l  f ini te  d i f fe rence  fo rmula t ion  of Eq. (D-9) becomes  

i ~  }'-- , aj:o % QJI zSr J 

2 _ _ _  i _ _  

where  the decay  function (Gj) is ca lcu la ted  f r o m  

~. : j.o - o.o6z 5 ( R j ) "  , I% I < z 

IRjI~. Z 

% --- aj.,~r 

(D-IO) 

(D-II) 

The source  t e r m s  ( d j ) a r e  ca lcu la ted  f r o m  the conventional  cen t r a l  
d i f fe rence  s cheme .  Note  that  the coeff ic ient  (aj and Rj) do not 
n e c e s s a r i l y  r e p r e s e n t  the phys ica l  convect ive  ve loc i ty-and the 
Reynolds number .  The coord ina te  s y s t e m  used  and the va r i a t i on  of 
the eddy v i scos i t y  both cont r ibute  to the "e f fec t ive"  Reynolds  
n u m b e r  (Rj). 
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APPENDIX E 

FORMULATION OF 2-D OR AXISYMMETRIC TURBULENT FLOWS WITH A 
TWO-EQUATION HIGH REYNOLDS NUMBER TURBULENCE MODEL 

The g o v e r n i n g  equa t ions  fo r  2 -D or  a x i s y m m e t r i c a l  f lows  in 
p h y s i c a l  c o o r d i n a t e s  a r e :  

Vorticity Equation (~) 

gx* sr* J ~"  ~ [ 7"" - ~r 

Stream Function Equation (@) 

%'~" ÷ ,-F"; = T W  - =  (E-2) 

Velocity Recovery (u, v) 

,,_£ ,v= ~,) 
u--~ ,r --r' 

(E-S) 

PrandtI-Kolmogorov Eddy Viscosity Model 

Turbulent Kinetic Energy Equation (k) 

,r 

~--~-) ) S + - = 0  + z [{3~.)+ ~ (gu%7. ~,x 

(E-4) 

(E-5) 
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Turbulent Kinetic Energy Dissipation Equation (e) 
• I . - . 

_ ~ I . r ,  gu.= / ~ v ~ = + f r ) , . ~ ]  + ,u ~.v~,~_¢,(~1¢.~=o 
( E - 6 )  

w h e r e  

= o . o ~  , c~ = ~ . 4 ~  , c ,  = ~ .ez  , ~ =~,~ 

F o r  d i f f u s e r  f lows ,  a t r a n s f o r m a t i o n  is  app l i ed  to the  above  s e t  
of e q u a t i o n s ,  i. e . ,  

r ~, 
r = ~ , X = X  ( E - 7 )  ~ (= ( )  

w h e r e  ( r ,  x) r e p r e s e n t s  the  p h y s i c a l  c o o r d i n a t e  s y s t e m  and (~',3D 
r e p r e s e n t s  the  t r a n s f o r m e d  c o o r d i n a t e  s y s t e m .  The  cha in  r u l e  and 
the  c o r r e s p o n d i n g  t r a n s f o r m a t i o n  f a c t o r s  a r e  

.r ~..~.7 ~ 

e'  = ~ ,  ~ ~x" =7= * = - ' -  + ) 

= (gr" 

==/'=r ~ "* 
3-Fr ,i 'f-J g~.= 

(E-8) 

w h e r e  the  t r a n s f o r m a t i o n  f a c t o r s  a r e  

gx" " ~  (x') 

g=F r S'~=)) 
(a-~'~'Tr') = ""  Sc,,f 

(E-9) 
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The governing equations written in the transformed coordinates in the 
standard form of: 

~xxz * az sT* J ~x l r  
a re  

+ d : 0  
(E-ZO) 

~2-Equation 

G I = 1  

a ,  - 3 ; ' )  + '  ~ r ,  

IP I --'~" { 1 J . - ' [ ~  "~'~'x"~ri'gT' g))t" ] }  

- 

"~ ~ti~) ~ r +'~x~", '~" , , r ,  ,T, ) { ' ( ~ 1 ~ *  ~+  

- "3E" E~"r - ;  ( E - l l )  

-Equation 

O. I =1 

a z - + 

bl = 0 ,/.,v 
g r  

bz = - (~"~ ' )  

d - - s.u. . , .z  te----~ ~ g ~ #  " r~-.O. - ~ X  s ~ - - ~  ~r (E-12) 
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k-Equation 

al =1 
it" z l)r l 
' '& '? '_k~.~ bm=~( U-(W+(~) ,1=) ] 
, { , ~ , ~  s .~ ' ,  ~ . , , ~ ' . ~ . , . ~  

t~_E.~ #k { ~u ~a ~? • r~Kte'~1 ~ d : z , ~ x ,  ~S~;)'F .+z ['~+~-7(.i~-.)] + . ~  ";F-., 

~- . ~ . ~ -  (E-IS) 

e-Equation 

am=l  
r ,  4~',z , 4F.z .~ 

bz ~ " ~r,Pt S_ 

1t 

~.~ 
(E-14) 

Velocity Recovery (u, v) 

I ~ r  

v = -~ [ i -T+  W ,  ~x,.  
(E-15) 
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APPENDIX F 
FORMULATION OF A FULLY DEVELOPED CHANNEL FLOW WITH A LOW 

REYNOLDS NUMBER TWO-EQUATION k-e MODEL AND SUBLAYER COORDINATE 
STRETCHING 

The comple te  govern ing  equat ions  for  a ful ly  developed channel  
flow a re :  

Vortieity Equation (~) 

" (i>+#,~ "2  , r  " ~ + ( # ; # , )  3"~ ..0. 

{ ,  --.' =o 
+ ~ 0'+ ~¢) T T~"" r' 

(F-I) 

Stream" Function Equation (~) 

Velocity Recovery (u) 

9¥ s" f ,~ 
- - = - r i P  ,--- r* r ;)r 

u.= r$=r  

PrsndtI-Kolmogorov Eddy Viscosity Model 

Turbulent Kinetic Energy Equation (k) 
1)z~ l { '~P¢ ~ }3.~, ))t (,U% t 

J 2Pl~ 

Turbulent Kinetic Energy Dissipalion Equation (e) 

, c, e__ ~, (%-FJ "d, "-6" ;~/,~ - o  

(F-2) 

(F-S) 

(F-4) 

(F-5) 

(F-6) 
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T h e  c o e f f i c i e n t s  (C~ ,  C 1, C 2, a n d  a e ) a r e  

C I = I. 44 .  

c, = ~ , g z  [Lo-o,~p(-1~ =)3 
6"E = I , I  

A ,.,G'T~/p , R- k = / ~ . ~ )  
For a given coordinate t ransformat ion,  such as 

(F-7) 

r = ~'(r) (F-8) 

the above set of equations can be written in the standard form, 

gz-~-~ - 0 , ~  + d = 0 (F-9) 
aT'" ~ r  

T h e  c o e f f i c i e n t s  (a  a n d  d) a r e  l i s t e d  in  t he  f o l l o w i n g  t a b l e  f o r  a f u l l y  
d e v e l o p e d  c h a n n e l  f l ow l o w  R e y n o l d s  n u m b e r  m o d e l :  

4, 

11 

k 

a d 

,._z_t.~ ,~, _~ t~,~__.2 } 

-FZ 

-F-  ,S_ u__ r F, 

-F= 

I I. g t&~ 
I Frr'~" 

"'r" Fo - F2 

CFI} z 

w.._E...! ~k ,  z~' I 
t~+~t ~ -fir'} " d,)= 

F, • ~ / , r  
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NOMENCLATURE 

P a r a m e t e r  

Coeff ic ient  

Coeff ic ients  

Constant  

Coeff ic ient  

Coeff ic ients  

Skin f r i c t i on  coef f ic ien t  

P r e s s u r e  coef f ic ien t  

Eddy v i s c o s i t y  coef f ic ien t  

T r a n s f o r m  coeff ic ient  

Loca l  d i a m e t e r  

Source  t e r m  

Dif fe rence  in f ini te  d i f fe rence  equat ions  

T r a n s f o r m  p a r a m e t e r s  

Decay funct ions  

Channel  o r  2-D di f fuser  height ,  y 

Number  of gr id  points  along the ~ or  ~ coord ina te  

Turbu len t  k ine t ic  ene rgy  

Di f fe ren t ia l  o p e r a t o r  

P r a n d t l  mixing length  

I t e r a t i on  number  

P r e s s u r e  
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R 

Re 

R i, Rj 

r ,  r 

r m a x  

S(X) 

U 

U, V, W 

u ;  v; w" 

u + 

X 

,y 

6 

E 

CT 

20 

1/ 

P a r a m e t e r ,  k 2 / r e  

Reynolds  number  

Gr id  Reynolds  number  

Radia l  coord ina te  in phys i ca l  and t r a n s f o r m e d  
plane ,  r e s p e c t i v e l y  

Dif fuser  wal l  coord ina te  in t r a n s f o r m  plane  

Dif fuser  wal l  coord ina te  in phys ica l  p lane 

Axial  ve loc i ty  

Average  axial  ve loc i ty  at d i f fuse r  in le t  

Veloc i ty  components  

Trubu len t  ve loc i ty  components  

Sublayer  ve loc i ty ,  u /v  ~:-" 

Axial  coord ina te  

T r a n s f o r m  p a r a m e t e r s  

T ruca t i on  e r r o r  

Index, ze ro  for  p l ana r  conf igura t ions ,  1 fo r  a x i s y m -  
m e t r i c  conf igura t ions  o r  i n c r e m e n t a l  

Boundary  l a y e r  d i sp l acemen t  t h i cknes s  

I so t rop ic  p a r t  of the tota l  tu rbulen t  ene rgy  
d i s s ipa t ion ,  k 3 / 2 / £ 

Tota l  tu rbu len t  k ine t ic  ene rgy  d i s s ipa t i on  

Re laxa t ion  f ac to r  

Tota l  d i f fuser  d ive rgence  angle 

Molecu l a r  v i s c o s i t y  
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'T 

SUBSCRIPTS 

C 

f 

I 

m a x  

o 

P 

r 'ef 

sep  

T 

W 

Eddy v i s cos i t y  

Densi ty  

Constant  

Shear  s t r e s s  

Dependent  v a r i ab l e  

S t r e a m  function 

Vor t i c i ty  
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Cente r l ine  

F in i te  d i f fe rence  

Inlet  sec t ion  

Max imum 

Sublayer ,  

Neighbor ing point 

R e f e r e n c e  

Separa t ion  

Total  

Wall  

# 

core  r eg ion  solut ion ma tch ing  locat ion 
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